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PREFACE 

In Trigonometry, as elsewhere, a motive for the study of 
each topic is necessary to secure the effective attention of the 
student. 

The knowledge required for the actual solution of triangles 
— the one motive common to all texts on Trigonometry — is 
only a fraction of the traditional course, even when the refine- 
ments necessary for logarithmic solution are included. Thus, 
the addition formulas, as such, the solution of trigonometric 
equations, and all reference to angles larger than 180°, are 
unnecessary for any process of solution of plane triangles. 
oo In order to share with the student the teacher's knowledge 

that these other topics are of real importance, other practical 
problems of an elementary nature are used to introduce them. 
Thus, composition and resolution of forces is made an intro- 
duction to the study of large angles, and is used to illustrate 
the meaning of the addition formulas. Large angles are also 
used in problems on rotation and angular speed. Radian meas- 
ure is shown to be useful in problems on rotation and on 
mensuration. 

Topics for which no wide application exists that is within 
the student's present grasp — such as De Moivre's theorem and 
infinite series — are omitted. Thus the book contains a min- 
imum of purely theoretical matter. Its entire organization is 
intended to give a clear view of the meaning and the imme- 
diate usefulness of Trigonometry. The proofs, however, are 
in a form that will not require essential revision in the courses 
that follow. 

The solution of triangles remains the principal motive. As 
such, it is attacked immediately and no diversion is indulged 
in until this problem has been completely solved. A sharp 
distinction is made between the fundamental principles of solu- 
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tion of triangles and those other processes that deal with speed 
and accuracy. The arrangement is such that the student 
makes steady progress in his ability to perform operations 
and to solve problems that actually occur in practice. The 
geometric methods of solution of triangles occupies the first 
five pages; the principles of trigonometric solution of right 
triangles are completed in the next ten pages; accurate solu- 
tion of right triangles, the principles of solution of oblique tri- 
angles, the detailed logarithmic methods, follow in uninterrupted 
succession. Thus, the student may stop at almost any point 
with a complete grasp of definite processes whose value is clear 
to him, to which all that he has studied has contributed. 

The number of exercises is very large, and the traditional 
monotony is broken by illustrations from a variety of topics. 
Here, as well as in the text, the attempt is often made to lead 
the student to think for himself by giving suggestions rather 
than completed solutions or demonstrations. 

The text proper is short ; what is there gained in space is 
used to make the tables very complete and usable. Attention 
is called particularly to the complete and handily arranged 
table of squares, square roots, cubes, etc.; by its use the 
Pythagorean theorem and the Cosine Law become practicable 
for actual computation. The use of the slide rule and of four- 
place tables is encouraged for problems that do not demand 
extreme accuracy. 

Only a few fundamental definitions and relations in Trigo- 
nometry need be memorized ; these are here emphasized. The 
great body of principles and processes depends upon these 
fundamentals ; these are presented in this book, as they should 
be retained, rather by emphasizing and dwelling upon that 
dependence. Otherwise, the subject can have no real educa- 
tional value, nor indeed any permanent practical value. 

A. M. KENYON, 

L. INGOLD, 

E. R. HEDRICK, Editor. 
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CHAPTER I 
INTRODUCTION 

1. Purpose. The original purpose of Trigonometry was the 
measurement of distances and angles by indirect methods in 
those cases in which direct measurements are impossible or 
inconvenient; for example, in the determination of the 
heights of buildings, the widths of rivers, the horizontal 
width of a hill, and so on. Many other applications have been 
found, some of which are mentioned in this book. 

2. Solution of Triangles. To accomplish the purpose first 
mentioned, it is easy to see that the propositions regarding 
triangles which are proved in elemen- 
tary geometry can be used. Thus the 
theorem that two triangles are con- 
gruent* if two angles and the in- 
cluded side of one of them are equal 
respectively to the corresponding parts 
of the other, is frequently used in 
such problems as that which follows. 

Example 1. In order to measure the 
width of a river, for example, it is sufficient 
to measure the distance AB between two 
points on the bank and the angles BAP and ABB made by AB with 
the lines joining A and B, respectively, to any point on the other bank. 
All of these measurements can be made from one bank of the river. 
Knowing AB and the angles ABB and BAP the triangle PAB can be 
drawn to scale by the methods of elementary geometry ; then the perpen- 
dicular PB from P to AB can be drawn and measured, whence the width 
PR of the stream can be determined by actual measurement in the figure. 




* Two figures are said to be congruent,, if by superposition they can be 
made to coincide in all their parts. 

b 1 



2 INTRODUCTION [I, § 2 

We shall use the following propositions from geometry : 

All of the parts of a triangle ABC are determined if any one 
of the following combinations is known: 

Either (1) two sides and the included angle; 
or (2) two angles and the included side;* 

or (3.) three sides; 

or (4) any two sides, if one angle is a right angle; 

or (5) two sides and an angle opposite one of them; but 

two triangles may be possible in this case. See § 31, p. 41. 

When a sufficient number of parts are given, the rest can be 
found by drawing the triangle as in elementary geometry, and 
actually measuring the unknown parts, as in Example 1. 

To draw the figure, and to make accurate measurements, a 
ruler marked to scale, a compass, and a protractor are necessary. 

The process of finding the unknown parts of a triangle from 
any such set of given parts is called solving the triangle. 

3. Preliminary Estimate: Check. In every exercise, the 
student should first make a preliminary estimate of the size 
of the unknown parts, and he should bear in mind this crude 
solution as a guide during his work. 

' After the unknown parts have been found, the student 
should use all means within his power to check each answer, 
since even the most experienced persons are liable to errors in 
reading instruments and in making arithmetical computations. 

In figures drawn to scale use these facts as checks : 

(a) the sum of the angles of a triangle should be 180°. 

(b) the sum of any two sides should be greater than the 
third side. 

(c) the larger of two sides should be opposite the larger of 
the two opposite angles. 

(d) the lengths should correspond to the appearance of the 
figure ; thus, if one side appears to be longer than another in 
the figure, their measures should be unequal in the same sense. 

(e) the angles should correspond to the appearance of the 
figure ; thus, a right angle is easy to judge by the eye. 

* The case in which two angles and any side are known is easily reduced 
to this case, since the snm of all the angles is 180°. 
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These checks should reveal any gross error ; but the student 
should not expect this method of solution (or any other 
method of computation or measurement) to give precise an- 
swers in the sense of having no error whatever. The purpose 
should be to obtain reasonably accurate results and to detect 
errors that are unreasonably large. 

EXERCISES I. — GRAPHICAL SOLUTION OF TRIANGLES 

1. Solve the following triangles by construction and measurement, 
and check the answers whenever possible. 

(a) Two angles are 47° and 63°, the included side is 6.7. 

(6) Two angles are 43° and 63°, the side opposite the first is 6.7. 

(c) Two sides are 4.3 and 5.3, the included angle is 57°. 

(d) The three sides of a triangle are 4.3, 6.3, 6.3. 

2. From which of the following sets of given parts is it possible to 
construct a triangle ? In which cases is it impossible ? Do any of the 
sets determine more than one triangle ? 

(a) Two angles are 41° and 69°, the side opposite the latter is 6. 1. 

(b) Two sides are 1.3 and 5.6, the angle opposite the first is 66°. 

(c) Two angles are 30° and 41°, the included side is 7. 

(d) Two sides are 7 and 1.1, the included angle is 17°. 

(e) The three sides are 1.1, 2.3, 3.6. 

(/) Two sides are 6 and 7, the angle opposite the first is 51°. 

3. To determine the width AB of a hill a point C is taken from 
which the points A and B on opposite sides of the hill are visible. If 
AC= 200 ft., BO = 223 ft., and angle ACB = 62°, find the width AB. 

4. Find the angles which a diagonal of your study table makes with 
the edges. 

5. The steps of a stairway have a tread of 10 in. and a rise of 7 in. ; 
at what angle is the stairway inclined to the floor ? 

6. To determine without an instrument for measuring angles, the dis- 
tance between two objects A, B, which are separated by an obstruction, 
select a point C from which both objects are visible. At C place a 
smooth board upon a steady support, and mark the precise position of G 
by sticking a pin in the board. By sighting across this pin locate two 
other pins, one between A and C, the other between B and C. Draw 
the lines connecting each of these pins with C. The angle between them 
is the angle ACB. Finally measure the distances AC and BC. Lay off 
along the lines CA and CB, on the board, lengths proportional to the 
actual distances, and thus find AB. (Plane Table Surveying. ) 
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7. A heavy piece of machinery contains a bar AB with an arm AC 
branching from it. In order to be able to give a mechanic directions for 
making repairs, the owner measures off on the bar the distance AB = 10 
in. and on the arm the distance AC = 10 in. ; he then measures BO = 8 
in. Make a drawing and find the angle between the arm and the bar. 

4. Squared Paper. Rectangular Coordinates. It is often an 
advantage to draw the figure on paper ruled into squares, 
called squared paper, or 
eross-section paper. The 
location of points is par- 
ticularly easy on such 
paper, so that a map, for 
example, is readily made 
by using it. By suitably 
placing the figure, required 
lengths can frequently be 
read off at once, 

Thus, in Ex. 1, p. 1, to deter- 
mine the width of the river, if 
it is found that AB =. 98 rods, 
spaoe ZA=bV,ZB=6SP, the length 

i one of the horizontal lines to some convenient 
A and B drawn by means of a protractor. From 




AB may be laid off 
scale, and the angles 
this figure, the width PB ia see: 
If any two perpendicu- 
lar rulings Ox and Off of 
the squared paper (see Fig. 
3) are selected, the position 
of any point .Pin the plane 
is determined by means, of 
the distances from these 
two lines to the point P. 
The paper can be so placed 
that these distances are 
horizontal and vertical, 
respectively ; we shall 
usually suppose the paper 
in this position. 



immediately to 


is about 70 rods. 
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Thus, in Fig. 3, the horizontal distance from Oy to the point A is 1.4 
units and the vertical distance from Ox to A is 1.5 units. To avoid con- 
fusion between points at the same distance from Ox but on opposite 
sides of Oy, it is customary to call distances measured to the right of Oy 
positive, distances measured to the left negative ; thus B, Fig. 3, is said 
to be — 1.2 units from Oy. Similarly, distances measured downwards are 
called negative ; for example, C in Fig. 3 is said to be — .8 units from Ox. 

The two distances to any point P from Ox and Oy are called 
the rectangular coordinates of P, and are frequently denoted 
by the letters x and y, respectively. The horizontal distance 
x is called the abscissa of P; the vertical distance y is called 
the ordinate of P. In giving these distances it is generally 
understood that the first one mentioned is x, the last y. Thus 
A, Fig. 3, is briefly denoted by the numbers (1.4, 1.5) ; B is 
denoted by (- 1.2, 1.7) ; C by (- 1.4, -.8) ; D by (2.4, - 1). 
The lines Ox, Oy are called the axes of coordinates, or simply 
the axes. Ox is called the a?-axis, Oy the y-axis. The point 
O is called the origin. 

The four portions into which the plane is divided by the 
axes are called the first, second, third, and fourth quadrants, as 
in Fig. 3. 

To locate a point is to describe its position in the plane in 
terms of its distances from the coordinate axes ; e.g. (— 5, 2) is 
a point 5 units to the left of the y-axis and 2 units above the 
aj-axis. To plot a point is to mark it in proper position with 
respect to a pair of axes. 

EXERCISES II. -SQUARED PAPER 

1. Locate and plot each of the following points with respect to some 
pair of axes : 

(a) (1, 2), (6) (2, - 3), (c) (4, - 7), (d) (- 6, 2), («) (- 7, -7), 
(/) (7, 6), (g) (5, 12), (*) (8, -3), (0 (-5,-6), (j) (6, -2). 

2. Show that the line joining (6, — 4) and ( — 5, 4) is bisected by the 
origin. 

3. On what line do all the points (1, 0), (2, 0), (- 3, 0), (1.6, 0) lie ? 
On what line do all the points (0, 0), (0, 1), (0, 2), (0, 6), (0, - 2) lie ? 
Make a general statement about such points. 
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4. Find the distance from the origin to each of the points in Ex. 1, 
by using the folded edge of another piece of squared paper. 

Compute each of the same distances by regarding each of them as the 
length of the hypotenuse of a right triangle, the lengths of whose sides 
can be read directly from the figure. Each of these methods can be used 
as a check on the other. 

5. Find the lengths of the sides of a triangle whose vertices are 
(0, 0), (2, 3), (1, 5), by each of the methods of Ex. 4. 

6. From the origin as one vertex construct a triangle two of whose 
sides are 7 and 13 units long, respectively, with an included angle of 40°. 
Measure, by each of the methods of Ex. 4, the length of the unknown 
side, and measure the angles with a protractor. 

7. If a and b are any two numbers positive or negative, but not both 
zero, show that the line joining (a, 6) and (—a, b) is bisected by the 
y-axis ; the line joining (a, b) and (— a, — 6) is bisected by the origin. 

8. What is the locus of all points in the plane which have the same 
abscissa ? The same ordinate ? 

9. Two objects A, B in a rectangular field are separated by a thicket, 
or other obstruction. To determine the distance between them, the lines 
AC = 40 rods, BC = 30 rods, are measured parallel to the sides of the field. 
Find the distance AB, and check the answer, as in Ex. 4. 

10. The positions of various objects on a rectangular farm are given 
by their coordinates in rods, referred to two sides of the farm as axes, as 
follows: house (10, 4), barn (6, 4), gate of pasture (60, 20). A railroad 
is constructed through the farm, passing between the house and barn, and 
a crossing is built at the point (3, 12). Draw a map showing the positions 
of the various objects. Determine how much farther it is from the house 
to the barn by way of the crossing than along the straight line connecting 
them. How much farther is it from the barn to the pasture gate by way 
of the crossing than along a straight line ? Check each answer. 

11. A certain city park is bounded by a main street, two cross streets 
perpendicular to it, and a stream. The distances, in feet, to the stream 
measured perpendicularly from the main street at 100 ft. intervals are 
found to be 680, 660, 525, 450, 450, 460, 540. 

Draw a map of the park and determine approximately its area by 
counting the squares inclosed by the figure. 

12. To determine the height of a tree OA standing in a level field the 
distance OB = 100 ft. from the base O of the tree to a point B in the 
field, and the angle OB A — 37°, are measured. Find approximately 
the height by placing the figure on squared paper, after making a prelimi- 
nary estimate. 



CHAPTER II 
RIGHT TRIANGLES USE OF TABLES 

PART I. FUNDAMENTAL DEFINITIONS AND 

PRINCIPLES 

5. Tables. A method for solving right triangles that is 
more systematic and more accurate than the method of con- 
struction and measurement, consists essentially in making a 
table of the lengths of the sides and the magnitudes of the 
corresponding angles of all such triangles. Still the previous 
methods remain permanently of the utmost importance as a 
check. 

It will be shown later that all oblique triangles can be cut 
up into right triangles in such a way that the same tables can 
be used in all cases for solving oblique triangles. 

Since any triangle can be enlarged (or reduced) in size by 
drawing it on a larger (or smaller) scale, only the ratios of the 
sides are really important. 

For example, it is known by geometry that if one angle of a right tri- 
angle is 30°, the side opposite this angle is one half the hypotenuse. 
Hence if the hypotenuse is given, that side, and hence also the other one, 
can be determined. If in Fig. 4, AB = 22.6, and A A — 30°, then the 
side BO = (1/2) (22.5) = 11.25. c 

If, for an acute angle of every right tri- 
angle, the ratio of the opposite side to the 
hypotenuse were known to us, then we could A ' 
solve every right triangle in the same manner. FlG * 4 

Tables giving these and other ratios have been constructed. 

6. Definitions of the Ratios. As indicated in § 5, the ratio of 
two sides of a triangle does not depend upon the size of the 

7 




8 



RIGHT TRIANGLES 



[II, § 6 




triangle, but only upon the angles. Thus in the right triangles 
MPN, MPN', MP'N" of Fig. 5, in which PN, P*N\ P"N" 

are perpendicular to MN, the ratios 
NP/MP, NT 1 /MP, N"P'/MP' are 
all equal. Moreover, if p'W is drawn 
perpendicular to MP, each of the ratios 
just mentioned is equal to N'"P'"/MP'". 
(Why?) These ratios, then, depend only 
on the angle a at M. It is convenient to 
place the angle on a pair of axes so that the vertex falls at 
the origin 0, one side lies along the sc-axis, to the right, and 
the other side falls in the first quad- 
rant. On this side take any point P 
at random, except 0, and drop the per- 
pendicular PM to the avaxis (see Fig. 6). 
Let OP = r ; then by geometry 



Fig. 5 




Fig. 6 



r = Va? 2 + y 2 ,* 

where x and y are the coordinates of the 

point P. The various ratios of pairs of 

the three quantities x, y, r are the same for all points P taken 

in the side OP of the angle a. These are : 



— , called the sine of the angle a, written sin a. 
— , called the cosine of the angle a, written cos a. 



V 



(1) 
(2) 

(3) ^, called the tangent of the angle a, written tan a. 

The reciprocals f of these ratios are also often used: 

(4) r/y is called the cosecant of the angle a, written esc a. 

(5) r/x is called the secant of the angle a, written sec a. 

(6) x/y is called the cotangent of the angle a, written ctn a. 

These six ratios are collectively called trigonometric ratios 
or also trigonometric functions of the angle. 

* The radical sign is used to denote the positive square root. 

t The reciprocal of a number is unity divided by the number. The recipro- 
cal of a common fraction is the result of inverting it ; thus the reciprocal of 
y/r is r/y. Every number has a reciprocal except 0, which has not. 
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Other expressions derived from these are also frequently used ; for ex- 
ample, many engineers use the following combinations : 

(7) versed sine of a = 1 — cos a, written vers a ; 

(8) coversed sine of a = 1 — sin a, written covers a ; 

(9) external secant of a = sec a — 1, written exsec a. 

In the right triangle OPN, Fig. 6, y is the side opposite the 
angle a, x is the side adjacent to a, and r is the hypotenuse. 
From the definitions (l)-(3), we see that in any right triangle : 

(10) The sine of either acute angle = »i^ opposite . 
7 hypotenuse 

(11) The cosine of either acute angle = sWe_adjacent 
7 hypotenuse 

(12) The tangent of cither acute angle = sWe_opposite 

side adjacent 

and, after clearing of fractions, we find : 

(13) The side opposite = hypotenuse x sine 

= side adjacent x tangent; 

(14) The side adjacent = hypotenuse x cosine 

= side opposite x cotangent; 

(15) Hypotenuse = side •PPorite = side adjacent m 
J sine cosine 

The student should so thoroughly learn these statements 
that he can apply them instantly and confidently to any right 
triangle that he sees, whatever its position in the plane. 

The trigonometric functions are connected by many simple 
relations. Thus : 

(16) tan a = sin a/cos a, since y/x = (y/r)/(x/r). 

Similarly, the student can easily show that 

(17) ctn a = cos a/sin a = 1/tan a, 

(18) sec a = 1/cos a, 

(19) esc a = 1/sin a. 

Other relations will be given later. 
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7. Applications. The values of these ratios have been com- 
puted for all acute angles, and recorded in convenient tables. 
These tables, together with the formulas just given, enable us 
to solve all cases of right triangles. The methods are illus- 
trated in the following examples. 

Example 1. One angle of a right triangle is 38° and the hypotenuse 
is 12 ft. Find the lengths of each of the other sides. 

Draw a figure, mark the given parts, and indicate 
the parts to be found by suitable letters, say x and y. 
The sides x and y are then respectively the side adja- 
cent and the side opposite. To find x, note that the 
hypotenuse is given ; hence by (14), §6, 




Fig. 7 



and similarly by (18), 



x = 12 • cos 38° = 12 (.788) = 9.466 ; 
y = 12 . sin 38° = 12 (.616) = 7.392 ; 



the values cos 38° = .788 and sin 38° =.616 being found in the table printed 
in § 9, p. 15, where a method for computing such values is explained. 

As a check, the Pythagorean theorem may be used, particularly if a 
table of squares is available. Thus, denoting the hypotenuse by h, we 
should have 



h = V(9.456)2 + (7.392)2 = 12.002. 

This agrees reasonably well with the given value h = 12. Another check 
that is more practical is given by measurement from a good figure. 

Example 2. One side of a right triangle is 17 and the angle opposite 
this side is 27° ; what is the length of the hypotenuse ? of the other side ? 

Denote the hypotenuse by u and the unknown 
side by v. Noting that the side opposite the given 
angle is given, find the side adjacent, v, by (14), 
§ 6. To find the hypotenuse, use (15), § 6 : 



v = 17 • ctn 27° = 17(1.963) = 33.37. 
u = 17/sin 27° = 17/.454 = 37.44. 




Fig. 8 



Check these answers by drawing an accurate figure. 

Example 3. The hypotenuse of a right triangle 
is 41 and one side is 12.7 ; find the opposite angle. 

Denote the opposite angle by a, then by (10), 
sin a = 12.7/41 = .309. From the table (p. 15), we 
see that .309 is the sine of 18° ; hence a = 18°. Let the student determine 
the remaining side and angle, and check all answers. 
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EXERCISES m. — TRIGONOMETRIC RATIOS 

1. On cross-section paper construct angles whose sines are, (a) 1/5 ; 
(6) 2/6 ; (c) 3/5 ; (d) 4/5. [Hint. First draw a circle of radius 5.] 

2. Is there an acute angle whose sine is any given positive number ? 
Prove that your answer is correct. 

3. Construct angles whose tangents are (a) 3/10 ; (b) 1/2 ; (c) 2/3 ; 
(<*) 1 ; (6) 10/3 ; (/) 2 ; (p) 7.5. 

4. Is there an acute angle whose tangent is any given number ? 

5. How large, in degrees, is an acute angle whose tangent is 1 ? 

6. How does the angle whose tangent is 2 compare with the angle 
whose tangent is 1 ? Check your answer by drawing an accurate figure. 

7. One side of a right triangle is 21 ; the adjacent angle is 42° ; de- 
termine the remaining side and the hypotenuse. Check. 

8. One side of a right triangle is 21 and the opposite angle is 42° ; 
determine the remaining side and hypotenuse. Check. 

9. The hypotenuse of a right triangle is 28 ; one angle is 32°. De- 
termine the two perpendicular sides. Check. 

10. What is the angle of inclination of a roof which has half pitch ? 
1/3 pitch ? 

[Note. The pitch of a roof is equal to the height of the comb above 
the eaves divided by the total distance between the eaves.] 

8. Functions of o° and 90 . If an angle of 0° (or 90°) 
be placed on coordinate axes and the construction of p. 8 be 
made, the point P (or P w ) will lie on the x (or y) axis, and 
we shall have x = r, y = (or x = 0, y = r). 

The functions sine, cosine, tangent, and secant of 0° are de- 
fined by the same ratios as are the corresponding functions of 
acute angles : sin 0° = y/r = 0, cos 0° = x/r = 1, tan 0° = y/x = 0, 
sec 0° = r/x = 1. The definitions of cotangent and cosecant 
given for acute angles cannot be applied to 0°, because y = 
and, the divisions x/y and r/y are impossible. 

The sine, cosine, cotangent, and cosecant of 90° are defined 
by the same ratios as are the corresponding functions of acute 
angles ; sin 90° = y/r = 1, cos 90° = x/r = 0, ctn 90° = x/y = 0, 
esc 90° = r/y = 1. The definitions of tangent and secant given 
for acute angles cannot be applied to 90°, because x = and 
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the divisions y/x and r/x are impossible. We say that 0° has 
no cotangent or cosecant, and 90" has no tangent or secant.* 

9. Construction of Small Tables. Approximate values of the 
trigonometric functions of a given acute angle may be found by 




measurement as follows : On a sheet of squared paper draw Ox 
and Oy along two of the perpendicular rulings, and in the first 
quadrant construct a quarter circle, radius = 10, center at 0. 
Draw AT perpendicular to Ox and tangent to this circle. Given 

* It is often said that the tangent of 90°, lor example, Is infinite; this ex- 
pression does Dot give an; value to the tangent at 110°, but merely describes 
the fact that the tangent becomes and remains larger than any number we may 
name as the angle approaches 90°. Similar statements hold for the others. 
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now any acute angle, a, lay it off above Ox with its vertex at 0. 
Mark the points where its side crosses the circle and the tan- 
gent AT, P and Q, respectively; then the ordinate (y) of the 
point P can be read to tenths, and this divided by r = 10 gives 
the value of sin a to two decimal places. Similarly, the abscissa 
(x) of P can be read to tenths, and this divided by 10 gives 
cos a. AQ can be read to tenths, and this divided by OA = 10 
gives tan a. Finally, ctn a, sec a, esc a, can be computed as 
the reciprocals of tan a, cos «, sin a, respectively. Compute 
in this way, from Fig. 10, values to fill out the following table. 



. 


6° 


10° 


16° 


20° 


25° 


80° 


85° 


40° 


45° 


60° 


55° 


60° 


66° 


70° 


75° 


80° 


86° 


sin a 


cos a 


tan a 


etna 




Fig. 11 



If all of this table is filled out correctly, it will be found that 
every number in it occurs twice ; once for an angle less than 45° 
and once for an angle greater than 45°. This is due to the fact 
that the sine of any angle is the cosine of its complement; and the 
tangent of any angle is the cotangent of its 
complement 

These relations will now be proved for 
any acute angle a. Let ft = 90° — a ; then a 
and ft are the acute angles of a right triangle. 
Denote the sides opposite a and ft by a and 
b, respectively ; and the hypotenuse by c. Then by § 6, p. 8, 

sin a = side opp./hyp. = a/c ; tan a = side opp./side adj. = a/b ; 
cos ft = side adj./hyp. = a/c ; ctn fi = side adj./side opp.=a/6 ; 

whence, remembering that ft = 90° — a, 

(1) sin a = cos f$ = cos (90° — a), 

(2) tan a = ctn fi = ctn (90° - a). 
In the same way it can be shown that 

(3) sec a = esc (90° — a). 
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On the opposite page a table of values of the functions is 
given, for every degree from 0° to 90°, using the preceding 
facts. The values can be roughly verified by Fig. 10. 

EXERCISES IV. — SOLUTION OF RIGHT TRIANGLES 

In the solution of triangles, use the following procedure : 

(a) Draw a diagram approximately to scale, indicating the given parts. 
Mark the unknown parts by suitable letters, and estimate their vahies. 

(6) If one of the given parts is an acute angle, consider the relation of 
the known parts to the one which it is desired to find, and apply the 
proper one of formulas (10) ... (16), § 0. 

(c) If two sides are given, and one of the acute angles is desired, think 
of the definition of that function of the angle which employs the two 
given sides. 

(d) Check each result. 

1. In the following triangles h denotes the hypotenuse ; the angle A 
is opposite the side a and the angle B is opposite the side b. Use the 
table to compute the unknown parts from the given parts. Check. 

(a) A= 61°, b - 41. (d) A = 32°, a = 330. 

(6) a = 421, b = 401. (e) a = 313, h = 120. 

(c) a = 62, h = 126. (/) B = 49°, h = 24. 

2. Determine the height of a tower MN, if the 
horizontal distance ME to it is 460 ft. and the angle 
of elevation MEN is 27°. Check. 

3. A vertical pole 36 ft. high casts a horizontal shadow 46 ft. long. 
Determine the angle of elevation of the sun above the horizon. Check. 

4. An object known to be 100 ft. in height stands on the bank of a 
river ; from the opposite bank of the river the angle of elevation of the 
top of the object is found to be 24° ; find the width of the river. Check. 

5. The radius of a circle is 7 ft. What angle will a chord of the circle 
11 ft. long subtend at the center ? Check. 

6. From the top of a cliff 92 ft. in height the angle of depression of a 
boat at sea is observed to be 20°. How far out is the boat ? Check. 

7. To find the distance between two objects A and B, where B is in a 
swamp, the distance AC — 360 ft. is measured at right angles to the line 
joining them. At C an observer holds an ordinary rake with the end of 
the handle at his eye and with the center of the rake directed toward A, 
There appear then to be 6 teeth of the rake between A and B. If the 
teeth are one inch apart and the handle of the rake is five feet long, de- 
termine the distance between A and B. 
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TRIGONOMETRIC FUNCTIONS TO THREE PLACES OF DECIMALS 



a 


sin a 


covers U 


sec a 


tan a 


ctn a 


esc a 


versa 


cos a 




0° 


.000 


1.000 


1.000 


.000 


^^^mmm^^ 


•^^^^n« 


.000 


1.000 


90° 


1° 


.017 


••too 


1.000 


.017 


57.290 


57.299 


.000 


1.000 


89° 


2° 


.035 


.965 


1.001 


.035 


28.636 


28.654 


.001 


.999 


88° 


3° 


.052 


.948 


1.001 


.052 


19.081 


19.107 


.001 


•999 


87° 


4° 


.070 


.930 


1.002 


.070 


14.301 


14.336 


.002 


.998 


86° 


5° 


.087 


.913 


1.004 


.087 


11.430 


11.474 


.004 


.996 


85° 


6° 


.105 


.895 


1.006 


.105 


9.514 


9.567 


.005 


.995 


84° 


7° 


.122 


.878 


1.008 


.123 


8.144 


8.206 


.007 


.993 


83° 


8° 


.139 


.861 


1.010 


.141 


7.115 


7.185 


.010 


.990 


82° 


9° 


.156 


.844 


1.012 


.158 


6.314 


6.392 


.012 


•9oo 


81° 


10° 


.174 


.826 


1.015 


.176 


5.671 


5.759 


.015 


.985 


80° 


11° 


.191 


.809 


1.019 


.194 


5.145 


5.241 


.018 


.982 


79° 


12° 


.208 


.792 


1.022 


.213 


4.705 


4.810 


.022 


.978 


78° 


13° 


.225 


.775 


1.026 


.231 


4.331 


4.445 


.026 


.974 


77° 


14° 


.242 


.758 


1.031 


.249 


4.011 


4.134 


.030 


.970 


76° 


15° 


.259 


.741 


1.035 


.268 


3.732 


3.864 


.034 


.966 


75° 


16° 


.276 


.724 


1.040 


.287 


3.487 


3.628 


.039 


.961 


74° 


17° 


.292 


.708 


1.046 


.306 


3.271 


3.420 


.044 


.956 


73° 


18° 


.uuy 


.691 


1.051 


.325 


3.078 


3.236 


.049 


.951 


72° 


19° 


.326 


.674 


1.058 


OAA 


2.904 


3.072 


.054 


.946 


71° 


20° 


.342 


.658 


1.064 


.364 


2.747 


2.924 


.060 


.940 


70° 


21° 


.358 


.642 


1.071 


.384 


2.605 


2.790 


.066 


.934 


69° 


22° 


.375 


.625 


1.079 


.404 


2.475 


2.669 


.073 


.927 


68° 


23° 


.391 


.609 


1.086 


.424 


2.356 


2.559 


.079 


.921 


67° 


24° 


.407 


.593 


1.095 


.445 


2.246 


2.459 


.086 


.914 


66° 


25° 


.423 


.577 


1.103 


.466 


2.145 


2.366 


.0914 


.906 


65° 


26° 


.438 


.562 


1.113 


.488 


2.050 


2.281 


.101 


.899 


64° 


27° 


.454 


.546 


1.122 


.510 


1.963 


2.203 


.109 


.891 


63° 


28° 


.469 


.531 


1.133 


.532 


1.881 


2.130 


.117 


.883 


62° 


29° 


.485 


.515 


1.143 


.554 


1.804 


2.063 


.125 


.875 


61° 


30° 


.500 


.500 


1.155 


.577 


1.732 


2.000 


.134 


.866 


60° 


31° 


.515 


.485 


1.167 


.601 


1.664 


1.942 


.143 


.857 


59° 


32° 


.530 


.470 


1.179 


.625 


1.600 


1.887 


.152 


.848 


58° 


33° 


.545 


.455 


1.192 


.649 


1.540 


1.836 


.161 


.839 


57° 


34° 


.559 


.441 


1.206 


.675 


1.483 


1.788 


.171 


.829 


56° 


35° 


.574 


.426 


1.221 


.700 


1.428 


1.743 


.181 


.819 


55° 


36° 


.588 


.412 


1.236 


.727 


1.376 


1.701 


.191 


.809 


54° 


37° 


.602 


.398 


1.252 


.754 


1.327 


1.662 


.201 


.799 


53° 


38° 


.616 


.384 


1.269 


.781 


1.280 


1.624 


.212 


.788 


52° 


39° 


.629 


.371 


1.287 


.810 


1.235 


1.589 


.223 


.777 


51° 


40° 


.643 


.357 


1.305 


.839 


1.192 


1.556 


.234 


.766 


50° 


41° 


.656 




1.325 


.869 


1.150 


1.524 


.245 


.755 


49° 


42° 


.669 


.331 


1.346 


.900 


1.111 


1.494 


.257 


.743 


48° 


43° 


.682 


.318 


1.367 


.933 


1.072 


1.466 


.269 


.731 


47° 


44° 


.695 


.305 


1.390 


.966 


1.036 


1.440 


.281 


.719 


46° 


45° 


.707 


.293 


1.414 


.1000 


1.000 


1.414 


.293 


.707 


45° 




cos a 


vers (X 


esc a 


ctn a 


tan a 


sec a 


covers a 


sin a 


a 



Values of vers a — 1 — cos a and of covers a «= 1 — sin a are included for completeness. 
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and the radius r 



* H 


r 


c 1 ! U 


- -- 


-f *' ■_■ 


~~ 



10. Pythagorean Relations. 

The following equation between the abscissa x, the ordinate y, 
a true for every point in the plane:* 

(1) x> + tf = r>. 
Dividing by i*, we obtain 

3 ?/r t + y t /r* = l i 
but by § 6, at least when a is acute, 
*/r = cosa, y/r=sina; hence 

(2) sin 2 a + cos ! a = 1; 

Fia - 12 i.e. the sum of the squares of the sine 

and cosine of any acute angle is equal to unityj 
Dividing (1) by 3?, and then by y\ we obtain respectively : 

(3) l + tan s a= soc'a, 

(4) l+cta g a=C8C?a. 

These formulas and those of § 6 are often useful in simplify- 
ing expressions or in verifying equations. Other interesting 
relations are given in exercises that follow. 

Example 1. To show that sin* a — cos* « = sin 2 « — cos' «. 

The expression on the left is the difference of two squares and can 
therefore be factored ; hence we have sin 4 a — cos* a = (sin 2 a + cos" a) 
(sin 1 a— cos 2 a} which is equal to sin*« — cos 3 a, since sin 2 a + cos a « = 1. 

The formulas may also be used to compute the value of 
one of the trigonometric functions from that of another. 

Example 2. Given tan 9 = 6/12, to find cos 0. 

Analytic Method. By (2), l + tan**=see«S; hence, sec 1 9 = 1+26/144 
= 109/144, or sec 8 = 13/12. Hence, cos 6 = 12/13, since cos 9 = 1/sec 9. 

Geometric Method. The following method is much more practical, and 
is easily applied to any example of this sort. 

Draw a right triangle whose base is 12 and whose altitude is 6. The 
hypotenuse is easily found to be IS. It follows that 

cos 8 = side adjacent/hypotenuse = 12/13. 

■Formulas (2), (3), and (4) are called the Pythagorean relations becausu they 
are obtained from this equation, which is the Pythagorean theorem of plane 
geometry. 

t This statement, as well as (3) and (i) below, will later be found to hold 
for all angles, for the general definitions of sine and cosine. 
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EXERCISES V. — PYTHAGOREAN RELATIONS IDENTITIES 

1. In exercises (a) — (0 determine the values of the remaining func- 
tions of the acute angle by each of the methods of Example 2, p. 16. 



(a) sin = 3/6. 
(d) sin = 5/13. 
(g) tan 0= 1/m. 



(b) sin = 1/3. 
(«) tan0 = V3. 
(h) sin = 6/c. 



(c) cos = 1/3. 
(f) tan = 3/4. 
(0 sec = 2. 



Prove the following relations for any acute angle : 

2. (sin + cos 0) 2 = 1 + 2 sin cos 0. 3. cos tan = sin 0. 

4. tan + ctn = sec esc 0. 5. sin sec = tan 0. 

6. (sec — tan 0)(sec + tan 0) = 1. 

7. (sin 8 + cos 8 0) = (sin0 + cos0) (1 -sin0cos0). 

8. cos 2 — sin 2 0=l -2sin 2 0=2cos 2 0— 1. 

9. sec 2 esc 2 = tan 2 + ctn 2 + 2. 

10. If a and b are the sides of a right triangle, c the hypotenuse, and 4 
the angle opposite a, show that the area of the triangle is equal to either of 
the expressions (ac cos 4)/2, (be sin 4)/2. 

11. Two straight pieces of railroad track 
MA and NB are to be connected by a circular 
track AKB with a radius of 500 ft. and center 
O, tangent to MA and NB. The straight por- 
tions of the track produced intersect at a point 
Fat an angle of 100°. (a) How far back 
from V should the track begin to turn ? (6) How far from V along 
the bisector OF of the angle AVB is the center O? (c) Find the 
shortest distance from V to the curved portion. 

12. If, in a figure similar to that of Ex. 11, ZAVO is any angle, and 
ZVOA is denoted by a, and OA = r, show that (a) AV=rt&na; 
(&) J KT=rexseca; (c) AB = 2rmna. 

13. The side b of the triangle in Ex. 10 is ex- 
tended beyond A to a point 2>, making AD = c, 
so that ABD is isosceles. Show that 

(a) A ADB = A/2 ; (b) BD = 2 c cos (4/2). 

(c) From the right triangles DCB and 4CB, 

csin-4 = a = 2ccos (4/2) sin (A/2); 

sin 4 = 2 sin (4/2) cos (4/2) ; 





show that 



hence 

(d) Likewise, show that ccos4 = 6 = 2c cos 2 (4/2)— c ; 
hence cos 4 = 2 cos 2 (4/2) - 1 = cos 2 (4/2) - sin 2 (4/2) . 
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PART II. ACCURACY OF SOLUTIONS — APPLICATIONS 

11. The Question of Greater Accuracy. The degree of accu- 
racy of the results obtained by using the values of the trigo- 
nometric functions to three places of decimals, while sufficient 
for many ordinary applications, is not satisfactory for some 
purposes ; for example, in extended surveys, in astronomy, and 
in any work for which the data must be determined by using 
instruments of precision.* 

More accurate values have been calculated. The values for 
angles at intervals of V are given to five decimal places in the 
Tables (Table II). Still more accurate values are available 
in separately printed tables. 

12. Functions of 30°, 45°, 60°. To determine the functions of 
the angle 45° construct an isosceles right triangle having each 
of its equal sides m units in length. Each of the equal angles 
is 45°. The hypotenuse is mV2; hence sin 45°=m/(mV2) 
= 1/V2 = V2/2 = .7071 + . Compute the values of the other 
functions of 45° in a similar manner. 

To determine the functions of 30° and 60°, draw an equi- 
lateral triangle of side m and drop a perpendicular from one 
vertex to the opposite side. The acute angles of each of the 
right triangles thus formed are 30° and 60°. Find the hypot- 
enuse and the sides of one of these right triangles in terms of 
m, and compute the values of each of the functions for each of 
these angles. 

The values in the following table should be memorized : 





0° 


80° 


45° 


«0° 


90° 


V2 = 1.414 

VS = 1.732 

l/V2=V2/2 

l/V3=V3/8 


sin 





1/2 


V2/2 


V3/2 


1 


cos 


1 


V3/2 


V2/2 


1/2 





tan 





V3/3 


1 


V3 





* Thus it is obviously unwise to use values to more than three decimal 
places in reducing any large measurements on the earth's surface unless a 
standard steel tape and other standard surveying instruments are available. 
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13. Use of the Large Tables. Five-place tables are used in 
precisely the same manner as the small table of p. 15. 

Example 1. One angle of a right triangle is 42° 20' and the hypotenuse 
is 28 ft. 6 in. long. Find the remaining sides and the other angle. Draw 
a diagram to illustrate the problem, indicating the 
given parts. Denote the unknown parts by the 
letters a and 6, as in Fig. 13. 

To find 6, note that it is the side adjacent to 
the given angle, and that the hypotenuse is given. 
Hence, by (14), § 6, Fig. 13 

b = 28.5 cos 42° 20' = 28.6 x .73924 = 21.07. 

Note that a is opposite the given angle; hence by (13), §6, 

a = 28.35 sin 42° 20'= 28.5 x .67344 = 19.09 ; 

the sine and the cosine of 42° 20' being found in a table. 

To find 0, note that it is the complement of 42° 20' ; hence /3 = 77° 40'. 

Example 2. The perpendicular sides of a right triangle are 22 ft. 6 in. 
and 54 ft., respectively. Find the hypotenuse and the angles. Draw a 
diagram, indicating the given parts and lettering the parts to be zound, as 
in Fig. 14. To find a, note that the given parts are the sides opposite 
and adjacent to it ; hence by the definition of tangent, we may write 

tan a = 22.6 -*- 64 = .41660. 

From the tables tan 22° 38' = .41694 ; 

hence a = 22° 37'+ and = 67° 23'-. 

Another method is the following : By the Pythagorean 
theorem of plane geometry, using a table of squares and 
square roots or by direct calculation, 




Fl2 



h? = 64* + 22.5 = 3422.26. 

Fig. 14 Hence h = 58.6. But this method is arduous without a 
table of squares. See Table VI. 

Having found a = 22° 37' we might find h as follows. By (15), § 6, 
h = 64/ (cos 22° 37') = 64/.92310 = 68.498. This method is no shorter 
than the one used above, and is open to the objection that any error 
made in computing a vitiates the resulting value found for h. In general, 
compute each unknown part from the given parts ; i.e. do not use com- 
puted parts as data if it can be avoided. 

As in these Examples, observe the procedure suggested on 
p. 14, Exercises IV, in solving any triangle. 
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EXERCISES VI. —RIGHT TRIANGLES LARGE TABLES 

1. Solve the following right triangles. The hypotenuse is denoted by 
h, other sides by other small letters, and any angle by the capital letter 
corresponding to the small letter that denotes the side opposite it. 

(a) A = 61° 17', b = 1.4. (d) M = 49° 49', h = 24.6. (gr) p= 18.2, q= 50. 
(6) A = 32° 31', a = 33. (e) b = 4.848, h = 10. (h) w=11.66, h=26. 
(c) a = 62.12, h = 25.4. (/) Z7= 63° 2', u = 40. (i) m=34.2, ft=100. 

2. The base of an isosceles triangle is 324 ft., the angle at the vertex 
is 64° 40'. Find the equal sides and the altitude. 

3. A chord of a circle is 21.5 ft., the angle which it subtends at the 
center is 41°. Find the radius of the circle. 

4. To determine the width BA of a river, a line BC 100 rods long is 
laid off at right angles to a line from B to some object A on the opposite 
bank visible from B. The angle BCA is found to be 43° 35'. Find AB. 

5. The shadow of a tower 200 ft. high is 252.5 ft. long. What is the 
angle of elevation of the sun ? 

6. Two ships in a vertical plane with a lighthouse are observed from 
its top, which is 200 ft. above sea level. The angles of depression of the 
two ships are 16° 17' and 11°22'. Find the distance between the ships. 

14. Projections. The projection of a line segment AB upon 
a line I is denned to be the portion MN of the line I between 
perpendiculars drawn to it from A and B, respectively. The 

length of this projection is easily found 
if the length of AB and the angle a 
which the line AB makes with I are 
known. For, draw a parallel to I through 
A, meeting BN at C. Then ACB is a 
right triangle and the angle at A is a ; 
hence by(14), § 6, 

Mir=ABw&a, 
or, the projection of a segment upon a given line is equal to 
the product of the length of the segment and the cosine of the 
angle the segment makes with the given line. 

The projections of a segment upon the 
coordinate axes are frequently used. If the 
segment makes an angle a with the hori- 
zontal, the projections on the x and y axes 
are, respectively, 
(1) Proj s AB= AB cos a, Proj, AB=AB sin a, Fig. 16 




Fig. 15 




II, § 15] PROJECTIONS 21 

where Proj* AB and Proj, AB denote the projections of AB 
on the cu-axis and the y-axis, respectively. 

15. Applications of Projections. In mechanics and related 
subjects, forces and velocities are represented graphically by 
line segments. A force, say of 10 lb., is represented by a seg- 
ment 10 units in length in the direction of the force. A veloc- 
ity of 20 ft. per sec. is represented by a segment 20 units in 
length in the direction of motion. 

The projection upon a given line Z, of a segment represent- 
ing a force, represents the effective force in the direction I ; this 
is called the component of the given force in the direction I. 

Example 1. A weight of 50 lb. is placed upon a smooth plane in- 
clined at an angle of 27° with the horizontal. What force acting directly up 
the incline will be required to keep the weight at rest ? 

Draw to some convenient scale a segment 50 units 
in length directly downward to represent the force 
exerted by the weight. Project this segment upon a 
line inclined at an angle of 27° with the horizontal. 
The length of this projection is 50 sin 27° = 22.7 
nearly. This represents the component of the force G ' 

down the plane. Therefore, a force of 22.7 lb. acting up the plane will 
be required to keep the weight at rest. 

EXERCISES VH. — PROJECTIONS 

1. Find the horizontal and vertical projections of the segments : 

(a) length 42, making an angle of 37° with the horizontal. 

(b) length 5.5, making an angle of 50° with the vertical. 

2. A straight railroad crosses two north and south roadways a mile 
apart. The length of track between the roadways is 1J mi. A train 
travels this distance in 2 min. Find the components of the velocity of 
the train parallel to the roadways and perpendicular to them. Find the 
angle between the track and either roadway. 

3. The eastward velocity of a certain train is 24 mi. per hour. The 
northward velocity is 32 mi. per hour. Find its actual velocity along the 
track and the angle the track makes with the east and west direction. 

4. A car is drawn by means of a cable. If a force of 5000 lb. exerted 
along the track is required to pull the car, what force will be required 
when the cable makes an angle of 15° with the track ? 

5. Find the horizontal and vertical components of a force repre- 
sented by a segment 30 units long at an angle of 40° with the horizontal. 
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16. The Use of Logarithms. Logarithms may be used to 
shorten computations involving multiplications, divisions, rais- 
ing to powers or extracting roots, but not involving additions 
or subtractions. In much of the numerical work which follows, 
the use of logarithms is very advantageous in saving time and 
labor, but the student should bear in mind that logarithms are 
not necessary. They are merely convenient, and they belong 
no more to trigonometry than to arithmetic. One of the ques- 
tions which a computer has to decide is whether or not it will 
be advantageous to use logarithms in a given problem. 

Tables usually contain (1) tables of logarithms ; (2) tables of 
the trigonometric functions; (3) tables of logarithms of the 
trigonometric functions. The notation log tan 61° means the 
logarithm of the tangent of 61° ; i.e. the tangent of 61° is a num- 
ber, 1.804+, and the logarithm of this number 1.804+ is .25625. 

A formula which has been arranged so as to involve only 
products and quotients of powers and roots of quantities 
either known or easily computed is said to be adapted to 
logarithmic computation. 



Thus the formula h = Va 2 -+- ft 2 , which gives the hypotenuse h of a right 
triangle in terms of the sides a and 6, is not adapted to logarithmic com- 
putation. On the other hand, the formula b = Vh 2 — a 2 = V(h + a)(h — a) 
which gives one side in terms of the hypotenuse and the other side is 
adapted to logarithmic computation because (h + a) and {h — a) are 
easily obtained from h and a. Thus, if the hypotenuse is 17.34 and one 

side is 12.27, the other side is 

B x = V(5.07) (29.61). 

From Table I : log 6.07 = 0. 70601 

log 29.61 = 1.47144 




logx 2 = 2.17645 
b-v^BZis- log* = 1.08822 

FlQ - 18 x = 12.262 

Again, such an expression as 12.5 sin 42° 37', which might occur in solv- 
ing a triangle, would be computed as follows : 

log 12.5 = 1.09691 [Table I] 

log sin 42° 37' = 9.83065 - 10 [Table 111] 

log [12.5 sin 42° 37']= 10.92756 - 10 

= 0.92756 
Hence 12.6 sin 42° 37' = 8.4637 [Table I] 
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17. Products with Negative Factors. To find by use of logar 
rithms the product of several factors some of which are nega- 
tive, the product of the same factors, all taken positively, is 
first obtained, and the sign is then determined in the usual 
way by counting the number of negative signs. 

Thus, to obtain the product of the four factors — 115, 23.41, — .6422, 
and - .1123, we write x =(116) (23.41) (.6422) (.1123); then 

log 115 = 2.06070 (n) 

log 23. 41 = 1.36940 
log .6422 = 9.80767 - 10 (n) 
log. 1123 = 9.05088 -10 (n) 

logx = 2.28815 hence z=194.16 

Here the fact that the first factor and the last two are negative is indi- 
cated by writing an (n) in parenthesis to the right of the corresponding 
logarithms. The product of the given factors all taken positively is 194.15 ; 
since the number of negative factors is odd the product is really — 194. 15. 

For other processes, see the Explanation of the Tables. 

EXERCISES Vm- RIGHT TRIANGLES — MISCELLANEOUS 

1. Solve by means of logarithms the following right triangles, where 
h denotes the hypotenuse, other small letters the sides, and the corre- 
sponding capital letters the angles opposite those sides. 

(a) A = 63° ; h = 28.64. (b) a = 785.1 ; h = 846.2. 

(c) P = 65° 26.2' ; p = 69.26. (d) r = 9.328 ; s = 6.302. 

(e) A = 28° 25' ; h = 29.36. (/) a = 59.68 ; h = 69.27. 

(g) U= 28° 40.4' ; v = 20.71. (h) G = 36° 21' ; h = 41.376. 

2. A tree stands on the opposite side of a small lake from an observer. 
At the edge of the lake the angle of elevation of the top of the tree is 
found to be 30° 68'. The observer then measures 100 ft. directly away 
from the tree and finds the angle of elevation to be 18° 26'. Find the 
height of the tree and the width of the lake. • 

3. From a point 250 ft. from the base of a tower and on a level with 
the base the angle of elevation of the top is 62° 32'. Find the height. 

4. To determine the height of a tower, its shadow is measured and 
found to be 97.4 ft. long. A ten-foot pole is then held in vertical position 
and its shadow is found to be 5.5 ft. Find the height of the tower and 
the angle of elevation of the sun. 

5. Find the length of a ladder required to reach the top of a building 
60 ft. high from a point 20 ft. in front of the building. What angle would 
the ladder in this position make with the ground ? 
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6. The width of the gable of a house is 34 ft. ; the height of the house 
above the eaves is 15 ft. Find the length of the rafters and the angle 
of inclination of the roof. Find the pitch of the roof. (Ex. 10, p. 11.) 

7. A kite string is 250 ft. long and makes an angle of 40° with the 
level ground. Find approximately the height of the kite above the 
ground, neglecting the sag in the string. 

8. One bank of a river is a bluff rising 75 ft. vertically above the 
water. The angle of elevation of the .top of the bluff from the water's 
edge on the opposite bank is 20° 27' ; find the width of the river. 

9. A taut rope 100 ft. long is attached to the top of a building. The 
free end reaches the ground 24 ft. 7 in. away from the base of the build- 
ing. Find the height of the building and the angle which the rope makes 
with the ground. 

10. Find the angles which the diagonal of a rectangle 12 ft. wide and 
17 ft. long makes with the sides. 

11. A chord of a circle is 100 ft. long and subtends an angle of 40° 42' 
at the center. Find the radius of the circle. 

12. A hill rises 8 ft. vertically in a horizontal distance of 40 ft. Find 
the angle of inclination of the hill with the horizontal. What is the dif- 
ference in elevation of two points that are 500 it. apart measured up 
the hiU ? 

13. Find the length of a side of an equilateral triangle circumscribed 
about a circle of radius 15 inches. 

14. Devise a formula for solving an isosceles triangle when the base 
and the base angles are given ; when the base and one of the equal sides 

are given; when one of the equal 
sides and one of the base angles are 
given. 

15. The base of an isosceles tri- 
angle is 245.5 and each of the base 
angles is 68° 22'. Find the equal sides 
and the altitude. 

16. The altitude of an isosceles tri- 
angle is 32.2 and each of the base 
angles is 32° 42'. Find the sides of 
the triangle. 

Fig. for Ex. 17 yj t j n the accompanying figure 

show that Z BCD = 0/2 ; that DB = r(l — cos 0) = r vers ; and that 
CB=2rain(0/2). 

18. From the same figure show that sin = 2 sin (0/2) cos (0/2). 
[Hint. Find the area of A ABC, using first AB, then BC, as base.] 

19. Show that tan (0/2) = (1 - cos 0)/sin 0. 
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SOLUTION OF OBLIQUE TRIANGLES 
FART I. FUNCTIONS OF OBTUSE ANGLES 

18. Obtuse Angles. The solution of oblique triangles involves 
obtuse * as well as acute angles. Let an obtuse angle a be placed 
on the coordinate axes with the vertex at the origin and one 
side along the avaxis to the right; then the 
other side will fall in the second quadrant. 
The ratios sin a, cos a, etc., are defined in 
terms of x, y, and r = y/a?-\-y l precisely as 
for acute angles. (See § 6.) It should be 
noticed, however, that since a; is negative 
while y and r are positive, every ratio which 
involves x is negative for an obtuse angle; 
thus a;/r = eos«, y/x = tan «, and their reciprocals, sec a 
ctn a, are all negative for obtuse angles. 

We have seen how it is possible to find the ratios of angles 

greater than 45" from a table extending no farther than 45°, by 

means of the relations sin (90° — o) = cos a, etc., which were 

proved on p. 13. By means of similar relations it is possible 

to find the ratios of obtuse angles 

from the same table. 

Let a be placed on coordinate 
axes as described above, and let the 
supplement of « be denoted by £ 
(which is an acute angle). Lay off 
fi from Ox so that the other side of 
fi falls in the first quadrant. From a point P in the side of a 
(in second quadrant) and a point F* in the side of (in first 
quadrant) at the same distance r from the origin, draw the 

• An obtuse angle is an angle which Is greater than 90° and less than 180°. 
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perpendiculars PM, P'M', as in Fig. 20. The value of x for 
the point P will be negative since P is in the second quadrant. 
Let its coordinates be (—a, 6); then, since the triangles 0PM, 
OP'M' are symmetric, the coordinates of P' are (a, b). Aa 
in § 6, we have 



sin a = - = sin fc 



- cos ft 



or, since /3 = 180° — a, 

(1) sin a = sin (180° - «) ; 

(2) cob a = - cos (180° - a). 
In a similar manner it can be shown that 

(3) tan a = —tan (180 8 - a). 

It follows that if a is an obtuse angle we find its sine by 
looking for the sine of its supplement, which is an acute angle, and 
similarly for the other functions, always having regard for the 
proper sign. The relations just found, together with those of 
§ 9, enable us to find the values of the functions for any angle 
which can occur in a triangle, from a table which gives them 
from 0° to 45°. 



EXERCISES IX. — FOMCTI0HS OF OBTUSE ANGLES 
From the accompanying figure prove the following relations : 
(a) sin <90° + «) = <**«; 
(6) cos (80° + «) = - sin a ; 
(c) tan (90° + a) = - ctn «. 
2. Construct obtuse angles whoso func- 
tions have the following values : 
(a) sin 8 = 1/3 1 (6) tan 6 = - 3/4 ; 

(c) cose =-3/5 J (d) sin 9 = 1/2 ; 

(e) sin 6 = V2/2 j (/) sin 9 = VS/2. 

3. Find the values of the remaining functions of the angles of Ex. 2. 

4. Express the following as functions of an angle less than 45°, and 
look up their values in a table. 

(a) sin 121°; (6) cos 101°; (e) tan 168°; 

(<!) sin W ; (e) ctn 178° j (/) cos 164° ; 

( ? ) cos 133° 11'; (A) tan 144° 38'; (i) sin 92° 3'. 
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PART II. FUNDAMENTAL PRINCIPLES OF SOLUTION 

19. General Method for Oblique Triangles. In the solution of 
oblique triangles the following cases arise : 

Case I. Given two angles and a side. 

Case II. Given two sides and the included angle. 

Case III. Given the three sides. 

Case IV. Given two sides and an angle opposite one of them. 

A general method for solving oblique triangles in all of 
these cases consists in dividing the triangle into two right 
triangles by a perpendicular from a vertex to the opposite 
side; these right triangles are then solved by the methods 
of the previous chapter. In all cases except the three side 
case the perpendicular can be drawn in such a manner that 
one of the resulting right triangles contains two of the given 
parts. 

This method applied in the various cases leads to formulas 
for the solution if letters are employed for the sides and 
angles. 

20. Case I : Given Two Angles and a Side. In this case it is 
immaterial which side is given, since the third angle can be 
found immediately from the fact that the sum of the three 
angles is 180°. Drop the perpendicular from either extremity 
of the given side. 

Example 1. An oblique triangle has one angle eqttal to 48°, another 
equal to 67°, and the side opposite the unknown angle equal to 51. De- 
termine the remaining parts. 

It is immediately seen that the third angle is 
180° - (43° + 67°) = 70°. To solve this triangle draw 
the figure approximately to scale and drop the perpen- 
dicular CD = p from one extremity C of the known 
side to AB, the side opposite C. Denote the unknown 
side CB by a. In the right triangle ACD, the hy- 
potenuse and one angle are known; hence by (13), 
§ 6, p = 51 sin 67° = 46.95. An angle and the side op- FlG ' 21 

posite, in the right triangle BCD, are now known ; hence by (15), 
§6, a= p/sin 70° = 46.96/.9396Q = 49.958. 

The side AB may be found in the same manner. Check as in § 3, p. 2. 
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21. Case II : Given Two Sides and the Included Angle. The 

triangle can be divided into two right triangles, one of which 
contains two of the known parts, by a perpendicular drawn 
from either extremity of the unknown side to the side opposite. 

Example 1. Two sides of a triangle are 26.5 and 82.8 ; the included 
angle is 58° 18'. Find the remaining parts. 

In the figure let AB = 32.8, AC = 26.5, and the angle at A = 62° 18'. 
Drop a perpendicular p from B to the opposite side. Denote the un- 
known side by a and the segments of AC by x and 
y as in Fig. 22 ; then p, x, y, a, can he computed in 
the following order : 

p = 32.8 sin 52° 18' = (32.8) (.79122) = 27.152. 
x = 32.8 cos 52° 18' = (32.8) (.61153) = 20.058. 




26.5 
Fig. 22 



y = 26.5 - 20. 058 = 6.442. 

«a =p 2 + y2 = 27.152 2 + 6\i42* = 778.6 nearly. 
a= V77*T6 = 27.903. 



The student may determine the angles at B and C. 

22. Case III : Given the Three Sides, In this case it is not 
possible to divide the triangle into two right triangles in such 
a way that one of them contains two of the given parts ; how- 
ever, if a perpendicular is dropped to the longest side from 
the vertex of the angle opposite, the segments into which this 
side is divided by the perpendicular are easily computed, as 
in the example below. There is one and only one solution, 
provided no side is greater than the sum of the other two. 

Example 1. The sides of a triangle are a = 36.4, b = 50.8, and c = 
72.5. Determine the angles. 

Draw a figure and drop a perpendicular from B upon AC, Denote 
the segments of th e base by x and y as in Fig. 23 ; then 

p2 - oO^ 2 - v? = 36\4 2 - y^_ 
hence x* - y* = 508 2 - 36.4 2 

= 1265.68 ; 
that is, (x - y) (x + y) = 1256.68. 

Since x + y = b = 72.6, 

we have x — y = 1266.68 -j- 72.6 

= 17.32 ; 
whence, adding, x = 44.91, 

and, subtracting, y = 27.59. 

Since we now know x and y, the angles at A and C are easily found. 
The student may complete the solution. See also § 25. 
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23. Case IV : Given Two Sides and the Angle Opposite One of 
Them. The triangle is easily solved by the general method, 
dropping the perpendicular from the vertex of the angle in- 
cluded by the given sides. 

Example 1. One angle of a triangle is 37° 20' ; one side adjacent is 
25.8 and the side opposite is 20.8. Solve the triangle. 

First construct the given angle A and on one side of A lay off AB = 
25.8. With B as center and radius = 20.8 describe an arc of a circle 
meeting the opposite side in two points C and C. Either of the triangles 
ABC, ABC satisfies the given conditions ; the case is on this account 
called the ambiguous case. 

The student should note that the triangle BCC is isosceles and that 
the interior angle of ABC at C is equal to the exterior angle of ABC 
at C; hence the interior angles C and C are 
supplementary. To solve ABC draw the per- 
pendicular BD = p from B ; then determine p 
from the right triangle ABD. 

p = 25.8 sin 37° 20' = 16.6464. 
Next determine C from the right triangle BBC ; 

8in C = ^ = 1M464 = . 7 5 223 . Fig. 24 

a 20.8 
hence C is the acute angle whose sine is .75228 ; i.e. C = 48° 47'. 06. 
The student can complete the solution as follows : 

AC=AD + DC; 5 = 180°- (A + C). 
Also for triangle ABC, 

C' = 180°-C; B 1 = 1S0°-(A+C); AC = AD - CD. 

EXERCISES X. — SOLUTION OP TRIANGLES 

Find the remaining parts of the following triangles by suitably divid- 
ing each into two right triangles. Capital letters represent angles ; small 
letters the sides opposite them. 

1. (a) A = 17° 17', B = 37° 37', c = 174 ; 
(6) A = 24° 14', C = 43° 13', c = 240 ; 
(c) £=28°, Jf=61°, 2 = 6.3. 

2. (a) a = 41, ft = 61, (7 = 62°; 3. (a) a = 7, b = 12, c=16; 
(6) 6 = 3.5, c = 2.6, 4 = 33°; (6) I = 10, m = 14, n = 20; 
(c)w = 22, t> = 12, JT=42°. (c)m=3, v = 4, to = 6. 

4. (a) a = 50.8, b = 36.9, A = 64° ; (c) b = 23.4, q = 19.8, B= 109°; 
(6) g = 6.22, k = 7.48, # = 26° ; (d) a = 213, b = 278, B = 100°. 

5. To determine the distance from a point A to an inaccessible object 
B, a base line AC = 300 ft. and the angles BAC = 40°, BCA = 60° are 
measured. Find the distance AB. 
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6. To determine the distance between two trees A, B on opposite sides 
of a hill, a point C is chosen from which both trees are visible ; the dis- 
tances AC = 400 ft., BC = 361 ft., and the angle ACB = 65° are then 
measured. What is the distance between the trees ? 

7. The sides of a triangular field are 43 rods, 48 rods, and 57 rods, re- 
spectively ; determine the angles between the sides. 

8. A 50 ft. chord of a circle subtends an angle of 100° at the center. 
A triangle is to be inscribed in the larger segment having one of its sides 
40 ft. long. How long is the other side ? Is there only one solution ? 

9. A triangle having one of its sides 60 ft. long is to be inscribed in 
the segment of Ex. 8. Determine the remaining side. How many solu- 
tions are there in this case ? 

24. The Law of Sines. In Example 1, § 20, it may be ob- 
served that it was not really necessary to calculate p numeri- 
cally in order to find a, for we might have written 

= p = 51 sin 67° 
a sin 70° sin 70° 
from which a could have been 
found by the use of logarithms 
in one calculation. 

A formula which can be used 
for all examples of this case can 
be obtained in a similar manner. 
Let us denote the sides opposite 
A, B, C, by a, b, c, respectively. The adjoining figures 
represent two cases:* in one the triangle has all its angles 
acute ; in the other, one angle, 
By is obtuse. In either fig- 
ure by (13), § 6, 

p = b sin A. 
Moreover, in the first figure 
p = a sin B. In the second 
figure, denote the angle DBC 
by B' ; then B' is the supple- 
ment of B\ hence by (1), 
§ 18, sin B = sin B'. But by (13), § 6, p = a sin B' = a sin B ; 
hence, in any case, p = a sin B. 

It follows that b sin A = a sin B, 




Fig. 25 a 




Fig. 25 6 



1 
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or, dividing first by the product sin A sin B, and second by a 

sin A y 

/ix a b b sin B 

sin-dL sinl* a sin^L 

If the perpendicular is drawn from one of the other vertices, 
say from B, the above procedure leads to the equation 

a c ^ c sin C 

or 



sin A sin G ' a sin A 

Combining this with formula (1) we have 
(2) a b c 



sin A sty 2? sin C 

This result, known as the law of sines, may be stated as follows: 

In any triangle any two sides are proportional to the sines of 
the angles opposite them. 

By using this law any example under Case I can be solved 
as in the following example. There is always one and only 
one solution if the sum of the given angles is less than 180°. 

Example 1. Given one side of a triangle a = 2.903 and two of the 
angles B = 79° 40', G= 33° 15' ; find the remaining parts. 

We first obtain the angle A opposite the given side a and then apply 
the law of sines. 

A = 180° - (B + C) = 180° - (79° 40'+ 33° 15') = 67° 5'. 
By the law of sines 

b sin 79° 40' _ , 2.903 sin 79° 40' * 

or o = 



2.903 sin 67' 5' ' sin 67° 5' 

The computation by logarithms follows : 

a = 2.903 log a = 0.46285 

5 = 79° 40' log sin B = 9.99290 - 10 

A = 67° 6' colog sin A = 0.03571 

log b = 0.49146 
6 = 3.1007 
The side c is found similarly from the equation 

Thus: _JL_ = 8in33°15' . 

2.903 sin 67° 5' 

Check by the facts mentioned in § 3, p. 2. 



* The fact that a proportion x/a = b/c gives x = ab/c should be memorized 
by some device. Then log x — log a + log b -f- colog c. 



32 



OBLIQUE TRIANGLES 



[III, § 25 



25. The Law of Cosines. In Case II also, it is possible to elimi- 
nate the auxiliary parts and express the unknown side directly 
in terms of the given parts. Denote, as before, the sides and 
angles by a, b, c, A, B, C; and let 6, c, and A be the given 
parts. Drop a perpendicular from B to the opposite side, and 
denote the segments of the opposite side by x and y. 

By (13), § 6, we have, in Fig. 26, 
p = c sin A, x = c cos A, y=b—x—b—c cos a, 
a 2 = y 2 +p 2 = (b — c cos A) 2 + c 2 sin 2 A 

= b? — 2bc cos -4 + C 2 (sin 2 .4 + cos 2 -4) = ft 2 — 2 6c cos -4-f-c 2 ; 
or, 
(1) a? = V* + c*-2bccMA. 

B 





Fig. 26 

If the side a to be found is opposite an obtuse angle A, y = 
6 + o?; but by (2) § 18, x = c cos (180° — A) = — c cos A; hence 
y = b — c cos .4 and p = c sin (180° — A) = c sin ,4, exactly as 
in the case considered above. 

This result, called the law of cosines, may be stated as follows : 

In any triangle, the square of any side is equal to the sum of 
the squares of the other two sides minus twice their product into 
the cosine of their included angle. 

Example 1. Two sides of a triangle are 2.1 and 3.5 and the included 
angle is 63° 8'. Determine the remaining parts. Draw the figure, and de- 

r C note the unknown side by a ; then, using the table of 
squares, 

a 2 = 21 2 +1T5 2 - 2(2.1) (3.5) cos 63° 8' 
= 4.41 + 12.25 - (14.70) (.69995) 
= 4.41 + 12.25 - 8.82 = 7.84 




Hence a=VTM = 2.8 
Complete the solution as in § 24 ; and check as in § 3, p. 2. 
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Case III (§ 22) also may be treated by the law of cosines; 
for, if a, b, c are known, cos A can be found from (1). 

EXERCISES XI. — SINE LAW — COSINE LAW 
1. Solve the following triangles by using the law of cosines : 



(a) a = 22, 6 = 12, 

(ft) a = 14, c = 16, 

(c) J = 28, w=36, 

(d) a = 21, b = 24, 



C = 42°. 
JB = 52°. 

iV = 126°. 
c = 28. 



(e) a = 2.2, 6 = 4.2, c = 6.5. 

(/) I = 13, m = 16, n = 20. 

(0) w = 41, I? = 51, W = 61°. 

(fc) 6 = 3.5, c = 2.6, A = 33°. 



2. To determine the width AC of a lake, the distances AB = 400 ft., 
BC = 851 ft., and the angle ABC = 50°, are measured. Find the width. 

3. Obtain the remaining parts of the following 
triangles by using the law of sines with logarithms. 



(a) 


A = 61° 47', 


B = 66° 20', 


c = 337.6. 


(P) 


A = 48° 10', 


B = 54° 10', 


c = 38.7. 


<«) 


5 = 38° 12', 


C = 61° 10', 


a = 70.12. 


(d) 


U = 46° 36', 


F= 124° 18', 


to = 1001. 


(0 


B = 21° 16', 


G = 113° 34', 


d = 20.93. 


(/) 


a = 39.75, 


J = 62° 42', 


3f=62°22'. 





4. The side of a hill is inclined at an angle of 22° 37' to the horizon. 
A flagstaff at the top of the hill subtends an angle of 13° 17' from a point 
at the foot of the hill, and an angle of 18° 2' from a point 100 ft. directly 
up the hill. Find the height of the flagstaff. 

5. To determine the elevation of an inaccessible object C above the 
point 2>, a base line BD - 250 ft., and the angles ADC = 51° 16', DBA = 

87° 24', and ADB = 124° 41' are measured, where D is 
vertically beneath the object B in a horizontal plane 
with A and C How high is B above the point A ? 

[Note. Such angular measurements are obtained 
in practice by means of a transit ; in this exercise the 
point A need not be visible, since the leveling device enables one to 
measure the angles mentioned without actually sighting only on A.] 

6. To find the distance from a station A to an inaccessible point B, a 
base line AC = 500 ft., and the angles ACB = 68° 18' CAB = 58° 28' are 
measured. Find the distance AB. 

7. To find the height of an inaccessible object AB, a base line CD = 
250 ft. is measured directly toward the object : also the angles of eleva- 
tion ADB = 48° 20' and ACB = 38° 40'. Find the height AB. 

[Hint. First find DB by solving the triangle CDB ; then find the 
height by solving the right triangle DAB.~\ 
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PART III. SPECIAL LOGARITHMIC METHODS 

26. The Law of Tangents. In § 25, we used the Law of Co- 
sines for the solution of triangles in Case II ; but logarithms 
could not be used advantageously, and the computations with- 
out logarithms are tedious. We shall now obtain a formula 
for Case II that is adapted to logarithmic computation. 

In this case, since one angle is given, the sum of the other 
two can easily be found. The law of tangents is a formula for 
obtaining the difference of the unknown angles. When the 
sum and the difference are known, the angles themselves can 
be found immediately by addition and subtraction. 

Let ABC be any triangle having two sides a and b unequal, 
say a > b ; the included angle C may be acute, right, or obtuse. 




^E 



Fig. 29 



With a radius b 9 the shorter of the given sides, and center C 9 
the vertex of the included angle, describe a circle through A 
which cuts the side CB in a point D between B and C and 
also at a second point E beyond C. Draw EA, and at B 
erect a perpendicular which meets EA produced at F. On DF 
as a diameter construct a circle ; this circle will pass through 
A and B, for FAD is a right angle since it is the supplement 
of DAE which is inscribed in a semicircle, and FBD is a right 
angle by construction. This construction is possible for any 
triangle in which a > b. 
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The angle BFE = (A + B)/2, since it is the complement of 
CEA = 0/2, and (A + B + C)/2 = 90°. The angle DFA is 
equal to B y since both angles intercept the same arc AD', 
hence, BFD = BFE - DFA = (A - 5)/2. 

In the right triangles DBF and EBF, by (13), § 6, 
a - 6 = BF tan [(^1 - B)/2], and a + 6 = .RF tan [(A + B)/Z]. 
Therefore, 

q-d _ tan[(^-B)/2] 
a + &~tan[(^ + B)/2] # 

This formula is still true, but is trivial, if a = b, since in 

that case both sides are zero; if a<b the result would 

obviously be 

6-q ^ tan [(B-A)/2] 

b + a tan [(£ + 4)/2] * 

This completes the proof of the law of tangents : 

In any plane triangle the difference of any two sides is to their 
sum as the tangent of one half the difference of the angles opposite 
is to the tangent of one half their sum. 

Since (A -f- B)/2 is the complement of 0/2 the formula may 
be written 

a form which is adapted to logarithmic computation, and which 
enables us to find (A — B)/2 directly from the two given sides 
a and b and their included angle C. 



27. The Tangents of the Half-angles. In this article we shall 
obtain certain useful formulas for the tangents of the half- 
angles of a triangle. Let us draw the bisectors of the angles 
of the triangle ABC and denote their point of intersection by J. 
By geometry, this point is known to be the center of the 
inscribed circle. Denote the radius of this circle by r. Draw 
the radii ID, IE, IF, perpendicular to the sides. By geometry 
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l=»-a 



the tangents to the inscribed circle from any vertex of the 
triangle are equal. Let us use the notation 

l = AE=AF; 

m = BF = BD; 

n=CD=CE; 

2s = a + 6 + c. 

Then we have 

2s = 2l + 2m + 2n, 

or s = I + m + n, 

and since a = m + w, 

b = n-\-L 
Fig. 30 , . 

we obtain s — a = Z, s—b = m, s — c = n. 

We have then from the right triangles -42*7, JBDJ, and CEI: 

(1) tan -s- = - — - * tan — = - — - . tan -s- = 




Eliminating r from the last two by division, we have 

tan (B/2) _ s—c _ a+b—c 
tan (<7/2) ~ s — & ~~ a — 6 + c" 



(2) 



'V 



28. Second Proof of the Law of Tangents. The formula (2) of 
§ 27 enables us to give another proof of the law of tangents. 
In the triangle ABC, suppose A > B. 
From B draw BA', making Z. ABA' 
equal to A, and meeting AC produced 
in A'; then A CBA' = B' = A - B, and 
ZJB(7^'=C ff = 180°-a 

In the triangle BCA 1 denote the 
side opposite C by c', and the side op- 
posite B by b'. Since the triangle 
ABA' is isosceles, A'A = c', and there- 
fore &' = c' - 6. If we apply (2), § 27, to the triangle BCA\ 

we fin d tan (B'/2) = a' + b' - c' 

tan (C"/2) a'-fc' + c' 

tan[(^-£)/2] = q + c ' -b-c' a-b 
tan [90° - 0/2] a - c' + 6 + c' "" a + b' 




Fig. 31 



01* 
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and this reduces to the law of tangents : 



tan- (A-B) = *LrA ctn £ 
2 V ' a + b 2 



• 



Let us now apply the law of tangents to the solution of 
an example in Case II. There is always one and only one 
solution in this case if the given angle is less than 180°. 

Example 1. Two sides of a triangle are 22.531 and 34.645 ; the in- 
cluded angle is 43° 31'. Determine the remaining parts. 

Let a = 34.645, b = 22.531, C = 43° 31', and denote the unknown parts 
by A, B, c. The sum A + B of the unknown angles is 180° - C = 180°- 
43° 81' = 136° 29'. The difference A - B is obtained as follows : 

0/2 = 21° 35.5' ; a - b = 12.114 ; a + b = 57.176. 

log(a - b) = 1.08328 whence (A - B)/2 = 27° 57'.8 

log ctn(C/2) = 0.30888 as above, (A + B)/2 = 68° 14'.5 

colog(a + b) = 8.24279 - 10 adding, A = 96° 12'.3 

log tan l(A - 5)/2] = 9.72495- 10 subtracting, B = 40° 16'.7 

Check by using the law of sines. 

EXERCISES Xn. -LOGARITHMIC SOLUTION OF CASE U 

1. Solve each of the following triangles, using logarithms : 

(a) a = 52.8, b = 25.2, C = 124° 34'. 

(ft) 6 = 55.1, c = 45.2, A = 16° 16'. 

(c) J = 131, w = 72, J\r=39°46'. 

(d) a = 35, 6 = 21, C = 48° 48'. 
(c) m = 604, v = 291, TT = 106° 19'. 
(/) a = 23.45, 6 = 18.44, D = 81° 50'. 
(0) u = .6238, v = .2347, - C = 108° 30'. 

2. To determine the distance between two objects A and B separated 
by a hill, the distances AC = 300 ft., BC = 277 ft., and the angle ACB 
=65° 47', are measured. From these measurements find the distance AB. 

3. Two objects, A, B, are separated by an impassable swamp. A 
station C is selected from which distances in a straight line can be meas- 
ured to each of the objects. These distances are found to be CA = 341 
ft. 7 in., CB = 237 ft. 5 in., and the angle ACB is found to be 58° 11'. 
Find the distance AB. 

4. Two objects, A, B, are separated by a building. To determine the 
direction of the line joining them, a point C is taken from which both A 
and B are visible and the distances AC = 200 ft., BC = 137 ft. 9 in., and 
the angle ACB = 52° 25' are measured. Determine the angle which AB 
makes with AC. Also the distance AB. 
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5. To determine the distance between two objects A and B, a base line 
CD = 350 ft. in the same plane as A and B is measured, and the 
«B angles BCD = 40° 42', ACB = 30° 30', ADD = 51° 12', 
A< ^ / i ADC = 32° 41', are observed. Find the distance AB. 

6. Devise a plan for measuring the distance AB of 
Ex. 5 when O and D cannot easily be located in the 
C^ aw "*"^Md same plane with A and 2?. 




29. Logarithmic Solution of Case III. The formulas (1) of 
§ 27 are adapted to logarithmic computation of the angles in 
this case. We must first, however, express the radius of the 
inscribed circle, r, in terms of the sides. It is easily shown 
by geometry that the bisector of the angle A and the bisectors 
of the external angles at B and C meet in a point I 1 which is 
the center of a circle touching the side a and the sides b and c 
produced. This circle is sometimes called an escribed circle 
of the triangle. Denote its radius by r 1 
and the tangents from B and C by k and 
k, respectively. Then from the figure 

b + k = c + h, and h + k = a ; 

solving for h and k, 

a + b — c 



h = 



8 




/c — 2 — * — °f Fig. 32 

Moreover, from the figure by (1), § 27, since b + k=s, 

r 



tan# = ^ = 

2 8 8- 

hence, eliminating r', 



a 



8 — c 



2 r' r' 



r* 



«-&' 



whence, 



s (s— a)(s — &)' 



or, 



« 



/ (*-a)(*-&)(*-c) 



30. Second Method for Finding r. The value of r may be 
found from (2), § 27, and the law of tangents as follows : 
In the triangle ABC extend the side BA to A\ making AA' = &„ 
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and join CA' ; then the triangle OAA' 
is isosceles and each of the equal 
angles is A/2 since their sum is A. 

From the triangle BAIQ by the law 
of tangents 

tan |[((7+ A/2) - A/2] _ BA' -BC ^ b + c-a 
ctn (B/2) " BA + BG~~b + c + a 

or, tan ((7/2) __ s — a ^ 

ctn (B/2) " s 



But by (2), § 27, 



tan (B/2) _ * - c . 
tan (C/2) s - 6 ; 



hence, multiplying, 

tan (B/2) = 2 J5 = (a - q)(« - c) = (s - a)(s - b\(s - c) 
ctn (B/2) 2 s(s-b) s(s-by 

But, by (1), § 27, 

tan 2 (B/2) = r>/ (s - 6) 2 ; 
hence, as in § 29, 

s ' ' \ s 

From this formula the length of the radius r of the inscribed 
circle can be computed, and (1), § 27 can be employed to find 
the angles when the sides are given. See (&), § 3 ; and § 22. 

Example 1. The sides of a triangle are 2431, 3124, and 2314. Deter- 
mine the angles. It is first necessary to find the quantities s, 8 — a, 8 — 6, 
8 — a The work may be arranged as follows : 

a = 2314 log (« - a) = 3.20965 

b = 2431 log (« - b) = 3.17710 

c = 3124 log (« - c) = 2.90875 

2« = 7869 colog 8 = 6.40512 - 10 

8 = 3934.5 log r 3 = 5.70062 

8 - a = 1620.5 log r = 2.85031 

8 - 6 = 1603.5 log tan ^/2 = 9.64066 - 10 

8-c = 810.5 log tan B/2 = 9.67321 - 10 

log tan C/2 = 9.94156 - 10 
^4/2 = 23° 36. '8, B/2 = 25° 18'.8, C/2 = 41° 9'.4 
4 = 47°12'.6, £ = 50°27'.68, C = 82°18'.8 
Check by adding A, B, and C. 
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EXERCISES Xm.— LOGARITHMIC SOLUTION OF CASE III 

1. Solve each of the following triangles, using logarithms : 

(a) a = 22.2, b = 81.82, c = 40.64. (/) p = 38.2, 6= 45.36, d = 26.64. 

(6) a = 27.53, 6 = 18.93, c = 30.14. (^)w = .126, n = .3226, c = .253. 

(c) a = 623.8, b = 566.2, c = 938.4. (h) a =.0606, b =.1234, c = .0936. 

(d) Z = 3.171, m = 5.331, n = 5.101. (i) w = 167, v = 321, w = 231. 

(e) w = 40.04, v = 50.66, w = 70.12. (j) u = 196.1, v = 264.1, w = 135.4. 

2. To determine without an instrument for measuring angles the angle 
ACB between two lines meeting at C, the distances CA = 500 ft. and 
CB = 700 ft. are measured ; AB is then found to be 633 ft. Find A ACB. 

3. Three objects, A, B, (7, are situated on the edge of a lake. It is 
desired to determine the angles between the lines joining them. The dis- 
tances AB, BC, and CA are found to be 321 ft., 472 ft., and 511 ft., by a 
process similar to that of Ex. 2, p. 33. Find the angles. 

31. Logarithmic Solution of Case IV. The Ambiguous Case. 
Since in this case a side and its opposite angle are known, the 
triangle can be solved by the sine law. 

Example 1. Two sides of a triangle are c = .35211 and a = .3035, and 
the angle opposite a is A = 35° 17'. Determine the remaining parts. 

Denote the unknown side by b and the unknown angles by B and (7. 
By the law of sines sin C/sin A = c/a. Since the angle C is determined 
by its sine, there may be two angles less than 180° (see § 23 and (1), § 18) 
which satisfy this equation and the conditions of the problem. The 
work may be arranged as follows : 

c = . 35211 log c = 9.54668 - 10 

A = 33° 17' log sin A = 9.73941 - 10 

a = .3035 colog a = 0.52093 

log sin C = 9.80701 - 10 

d = 39° 53' C 2 = 140° V 

B x = 106° 50' B 2 = 6° 36' 

fti _ sin l?i fr 2 _ sin i? 2 

a sini a sin A 

log a = 9.47907 - 10 log a = 9.47907 - 10 

log sin B x = 9.98098 - 10 log sin B 2 = 9.06046 - 10 

colog sin A = 0.26060 colog sin A = .26060 

log &i = 9.72066 log B 2 = 8.80013 - 10 

6i= .52559 b 2 = .063114 

Check by the law of cosines or by the law of tangents. 
The number of solutions of a problem belonging to Case IV can be de- 
termined by an easy calculation without actually solving the triangle. If 
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Fig. 34 



Fig. 36 



the given angle A is acute, the perpendicular p = e sin A is first com- 
puted, where c is the given side adjacent to the given angle. If the given 
side a opposite A is less than 
this perpendicular, it is clear 
from Fig. 34 that there can be 
no solution. If a is just equal 
to p, it is easily seen from 
Fig. 36 that there is just one 
solution. If a is greater than p 
and less than c, there are two solutions, as in Fig. 24, p. 29. If a is greater 
than c, there is only one solution, as shown in Fig. 36 ; for if a is put in 

the position BC, the angle 
A fails to lie within the tri- 
angle, and the conditions of 
the problem are not satisfied. 
If the angle A > 90°, there 
is no solution if a is equal to 
or less than c, because A 




must then be the larger angle 



Fig. 36 Fig. 37 

of the triangle, and by geometry the greater side lies opposite the greater 
angle. If a is greater than c, there is just one solution, as in Fig. 37. 
These results are tabulated below. 

I. A<90° II. ^90° 



a < c sin A 


no solution 


csmA<a<c 


two solutions 


a = c sin A or a ^ c 


one solution 



a^c 


no solution 


a>c 


one solution 



EXERCISES XIV.— LOGARITHMIC SOLUTION OF CASE IV 

1. Solve each of the following triangles, using logarithms; if two solu- 
tions exist, obtain both of them. 

(a) a = 17.16, b = 14.16, B = 42°. (d) I = 281, w = 152, L = 103°. 

(b) a = 64, b = 48.6, A ^ 31° 14'. (e) b = 13.12, c = 7.22, £=39° 64'. 

(c) u = 971, v = 1191, U= 51° 15'. (/) p = 48, q = 36.1, Q = 45° 60'. 

2. In a certain town the streets intersect at an 
angle of 82° 14'. It is desired to know the distance 
between two objects, A and B, which lie on a line 
parallel to one set of streets and which are separated 
by a large building. A line AC — 200 ft. is measured 
along a side line parallel to the other set of streets, 
and CB = 222 ft. is then measured. Determine AB. 
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3. The pilot of a ship S sees a lighthouse H on the shore ; by measuring 
the angle of elevation of the top of the lighthouse, and knowing its height, 
he determines that it is 8950 ft. from his ship. At the ship an angle of 
2° 40' is subtended by a line connecting the lighthouse with a light L on 
the shore known to be 575 ft. from the lighthouse. Find the angle SLH 
and thus determine exactly the position of the ship with reference to the 
shore. Practically how may he tell which of the two possible solutions 
is actually correct ? 



PART IV. APPLICATIONS PROBLEMS 

32. Areas of Triangles. In elementary geometry it is shown that 
the area A of a triangle * is one-half the product of any side and the 

altitude from the opposite vertex to 
that side, i.e. A—p* 6/2. By apply- 
ing this result we obtain formulas for 
the following cases : 

(1) Given two sides 6, c, and their 
included angle A. 

If the perpendicular is drawn as in 
B Fig. 38, we have 

p = b sin A, 

and A = (l/2)pc = (l/2)6c sin A, 

i.e. the area of a triangle is equal to one half the product of any two sides 
and the sine of their included angle. 

(2) Given two angles A, C, and their included side b. 

Solve the triangle by Case I to find B and one side, say c = b sin C/sin B ; 




Fig.^ 



then, 



A = 



be sin A b 2 sin C sin A 



2 2 sin B 

(3) Given the three sides. 

Divide the triangle into three triangles AOC, COB, BOA by lines 
from the vertices to the center of the inscribed circle, using b, a, c, respec- 
tively, as the bases of these triangles. The altitude of each is equal to r ; 
hence 



A = w.br.cr_ (a + b + c)r 
2 2 2" 2 

or, substituting for r its value, § 29, 

± = 3 J O - a) (s - b)(s - c) 



rs, 



= Vs(s — a)(s— 6) (s — c). 




* The area is denoted by the boldface type A in distinction from the angle A. 
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33. Composition and Resolution of Forces and Velocities. We 

saw in § 15 that forces and velocities may be represented 
graphically by straight line segments. The length of such a 
segment represents the magnitude of the force or velocity, and 
its direction the direction of the force or velocity. 

To find the effect of two simultaneous velocities, let us sup- 
pose that a body moves along a straight track with a velocity 
of 4 units per second and that each point of the track moves 
with a velocity of 3 units per second along a line making an 
angle of 60° with the track. What is the "position of the body 
at the end of 1 second? To. answer this question draw a seg- 
ment 4 units long to represent the magnitude and direction of 
the velocity of the body along the track, 
and from the ends of this segment draw 
segments AC, BD, each 3 units in 
length and making an angle of 60° with 
AB to represent the magnitude and di- Ai 
rection of the velocity of the ends of 

the track. The track will then take the position CD at the 
end of 1 second. But since the body moves along the track at 
the rate of 4 units per second, it will reach the point D at 
the end of 1 second. That is, it will reach the same point as if 
it had moved along the diagonal AD with a speed represented 
by the length of the diagonal. The velocity represented by 
AD is called the resultant of the velocities represented by AB 
and AC AB and AC are called components. The length of 
AD can be computed by solving the triangle ABD, of which 
we know two sides and the included angle. 

The resultant of any two velocities may be found by draw- 
ing from a common point A 9 segments AB, AC to represent the 
given velocities in magnitude and direction and then complet- 
ing the parallelogram ABCD. The diagonal AD represents 
the resultant. This fact is often called the parallelogram law. 

The resultant of two forces is found by a similar construc- 
tion. This diagram is known as the parallelogram of forces. 
We proceed to show how to find the resultant from the com- 
ponents, and to solve other problems. 
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Example 1. The angle between the directions of two forces of 19 lb. 
and 26 lb. is 54°. Find the magnitude and direction of their resultant. 

The forces may be represented by segments 19 units long and 26 units 
long, respectively, and making an angle of 54° with each other. If the 
parallelogram is completed which has these segments for two of its inter- 

c secting sides, the diagonal extending from their 

19 / ^y^7 intersection to the opposite corner will represent 

the resultant both in magnitude and in direction. 
This diagonal is a side of a triangle haying two 
sides equal to 19 and 26, respectively, with an in- 
cluded angle of 126° (the supplement of 54°). 
Hence we can find the diagonal and the angle which it makes with either 
side, that is, the magnitude and direction of theYesultant. 

Example 2. Two forces of 51 lb. and 73 lb. have a resultant of 
80 lb. Find the angle between them. 

In this case, in the parallelogram of forces, the diagonal and two inter- 
secting sides are known ; the angle opposite the diagonal is determined 
by Case UL The required angle is the supplement of this one. 

EXERCISES XV. — AREAS FORCES VELOCITIES 

1. Complete the solution of Examples 1 and 2 above. 

2. Three forces of 13 lb., 22 lb., and 28 lb., respectively, are in equi- 
librium. Determine the angles which they make with one another. 

[Hint. If the forces are in equilibrium, the resultant of any two of 
them must equal the third in magnitude but must be opposite to it in 
direction ; hence regard one of the forces as the resultant of the other two 
and find the angle between these as in Example 2 above.] 

3. Find the resultant of two forces of 30 lb. and 40 lb. acting at an 
angle of 60° with each other. 

4. A ball rolls along the diagonal of the floor of a car from the back 
to the front with a speed of 30 ft. per second. The car is moving forward 
with a speed of 40 ft. per second. Find the actual speed of the ball if 

the car is 7 ft. wide and 30 ft. long. 



75 Lb». 

100 Lb«. 



5. Two forces are acting on a 
block resting on the ground as 
shown in the figure. What hori- 
zontal force could replace them ? 

6. A point is kept at rest by 
forces of 6, 8, 11 lb. Find the 

iuii. for Ex. 5 angle between each pair. 
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7. A boat is rowed across a river at the rate of 3.5 mi. per boar ; the 
river flows at the rate of 4.8 mi. per hour. Find the speed of the boat 
and the direction of its motion. 

8. A ship is sailing 10 mi. per hour and a sailor climbs the mast 
200 ft. high in 30 sec. Find his speed relative to the earth, and the 
direction of his motion. 

9. A train is going 15 ml. per hour northward ; a man crosses the 
car eastward 22 ft. per second. Find his speed relative to the ground, 
and his direction. 

10. A ball rolling along the floor 10 ft. per second is struck so that its 
speed is increased 2 ft. per sec, and the direction of motion is changed 
45°. What speed and direction of motion is due to the stroke alone ? 

11. A river flows 4 mi. per hour, and a motor boat goes 9 mi. per hour. 
In what direction must the boat be pointed to go straight across the river, 
and what will be its speed ? 

12. Determine the areas of the following triangles : 

(a) a = 829, b = 592, c = 62°. (6) a = 713, b = 987, c = 1255. 

(c) B- 25°, C = 68°, b = 392. (d) a = 231, q = 195, A = 47°. 

(«) * = 8, t> = 6, TT=60°. (/) a=72.3,u4=52 35',Jf=63°17'. 

(g) I = .582, m = .601, n =.427. (h) 6=21.5, c=30.456, 2)=41°22'. 

13. Find the area of a triangular field having one of its sides 15 rods 
in length, and the two adjacent angles, respectively, 70° and 69° 40'. 



EXERCISES XVI.— MISCELLANEOUS 

1. Solve the following triangles : 



EXERCISES 



(a) a = 10.34, 


-B=5°7' .6, 


C = 19° 49'. 


(6) a = 36.423, 


b = 14.578, 


C=68°14'. 


(c) Z = 14.236, 


m = 13.761, 


i\T=45°ll'. 


(d) a = 734.34, 


B =108° 6', 


C = 61° 7'. 


(e) u = 32.19, 


v = 69.182, 


U"=69°17'. 


(/) a = .75632, 


b = .62751, 


C =84° 48'. 


(?) c = 454.72, 


«/=ll°ll', 


C = 57° 37'. 


(*) a =474.17, 


b = 1008.8, 


c = 940.25. 


(i) a =100.37, 


c = 95.376, 


B = 100° 58'. 


(j) d = 391.68, 


D = 25° 36', 


B = 68° 13'. 


(Jfc) a =622.02, 


b = 293.22, 


A = 100°. 


(Z) u = 376.64, 


v = 438.79, 


w = 133.94. 


(m) a = .010231, 


c = .0047233, 


A = 44° 58'. 


(n) a = 476.53, 


P = 40 3 17', 


A = 39° 14'. 


(o) 6 = 94.961, 


a = 88.234, 


c = 12°. 


(p) b = .43124, 


a = .53467, 


A = 99° 59'. 


(q) l = . 021467, 


m = .019407, 


n = .034354. 
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2. A balloon is observed from the ground and from an upper window 
of a building 60 ft. directly above. The angles of elevation are found to 
be 10° 42' and 9° 58'. Find the distance from each point to the balloon. 

3. The angles of elevation of an inaccessible mountain peak from two 
stations on a neighboring hill are 10° 14' and 9° 51'. The stations are in 
a vertical plane with the mountain peak, vtx 
they are 100 ft. apart, and a line joining • v>r ft ° 
them makes an angle of 27° 17' with the s*~\ _ — -*?Sv 
horizontal. Determine the height of the 
mountain and the distance of the peak 
from each station. 

4. The diagonals of a parallelogram are 22 ft. and 31 ft., and the angle 
between them is 51° 12'. Determine the sides of the parallelogram. 

5. To determine the distance between two objects A and B that have 
a barrier between them, a distance AC ' = 200 ft. is measured to a point C 
from which both objects are visible. The distance BC = 321 ft. and the 
angle ACB = 68° 41'. Find the distance AB. 

6. The sides of a triangular field are 82.7 rods, 91.4 rods, and 104.3 
rods. Determine the area of the field, and the angles between the sides. 

7. To find the distance between two objects A and B situated on op- 
posite sides of a lake, the distance AC= 250 ft. and the angles CAB = 

44° 13', ACB = 51° 9', are measured. Find 
the distance AB. 

8. An object B is wholly inaccessible and 
is invisible from a certain point A. To find 
the distance AB, two points C and 2> from 
which B can be seen are selected on a line 
D through A. If CD = 243 ft., CA = 102 ft., 
/. DCB = 68° 56', Z CDS = 48° 22', find AB. 

9. It is desired to know the height of an object AB. A line CD = 
250 ft. in a horizontal plane with the base A of the object, is measured, 
also the angle of elevation ACB = 13° 22', and the angles DCA = 35° 37' 
and CD A = 64° 28'. Determine the height AB. 

10. Devise a method for finding the distance between two objects when 
/A there is only one accessible point from which both 

are visible. Assume certain measurements and 
solve. 

[Hint. In the figure, C is supposed to be the 
only point from which both A and B are visible ; 
make use also of two other points D and E, from 
c • • •• which A and B, respectively, are visible.] 

11. A tall building stands at the foot of a hill. From a point on the 




243 ft. 
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side of the hill the angle of depression of the base of the building is ob- 
served to be 14° 36', and the angle of elevation of the top is 21° 43'. A 
level line from the instrument meets the building 19 ft. 7 inches above the 
base. Find the height of the building. 

12. A balloon is observed, at the moment it passes over a level road, 
from two points in the road an eighth of a mile apart. The angles of ele- 
vation from the two points are 33° 17' and 42° 6'. Find the distances of 
the balloon from the two observers. 

13. In surveying, it is sometimes desired to extend such a line as AB 
in the figure beyond an obstacle. Show that this could be done by means 
of a broken line ABEGD. What measure- 
ments would be necessary to determine the 
distance BG and the angle EGD ? 

14. How far to the side of a target 1300 ft. 
away should a gunner aim from a ship going 
15 mi. per hour, if the speed of the bullet is 2000 ft. per second and he 
fires at the instant he is directly opposite ? 

15. From a railway train going 50 mi. per hour a bullet is fired 1000 ft. 
per second at an angle of 75° 28'. 3 with the track ahead. Find its speed 
and direction. 

16. A man in a railway car going 45 mi. per hour observes the rain- 
drops falling at an angle of 10° with the vertical. Assuming that the rain- 
drops are actually falling vertically, find their speed. 

17. The resultant of two forces is 10 lb. ; one of the forces is 8 lb. and 
makes an angle of 36° with the resultant. Find the magnitude of the 
other force. (Two solutions.) 

18. A horse pulls a canal boat by a rope which makes an angle of 
26° 35' with the tow path. What size of engine would propel the boat at 
the same speed ? (Assume that the horse is doing one u horse power.") 

19. A man climbs a hill inclined (on the average) 32° with the hori- 
zontal. His pocket barometer shows that at the end of 2J hours he has 
increased his elevation 2750 ft. Find his average speed up the slope. 

20. Find the areas of triangles which have the following given parts : 

(a) a = 116.082, b =100, G = 118° 15' 41". 

(6) b = 100, A = 76° 38' 13", G = 40° 5'. 

(c) k= 31.325, t> = 13° 57' 2", U= 53° 11' 18". 

(d) a = 408, b =41, c =401. 

(e) a ■= .9, b = 1.2, c =1.5. 
(/) a = 63.89, b =138.24, c =121.15. 

21. Find the area of a triangular piece of ground having two angles, 
respectively, 73° 10' and 90° 50', and the side opposite the latter 150.6 rods. 



CHAPTER IV 

DIRECTED LINE SEGMENTS AND ANGLES 

PART I. GENERAL DEFINITIONS AND PRINCIPLES 

34. Directed Lines and Segments. Vectors. Such expressions 
as north and south, right and left, up and down, call attention 
to the necessity of distinguishing between the two directions of 
a straight line in order to express our ideas with precision. 
It is often convenient to select one direction on a straight 
line as the positive direction; the other is then called the 
negative direction. Thus, if two forces act along the same line, 
but in opposite directions, it is convenient to call 
one positive and the other negative. A line on 




which a choice of directions has been made is called 
a directed line.* In drawings, the positive direc- 
tion of a directed line is indicated by an arrow head. A por- 
tion of a line between two of its points, A y B, is called a 
segment We distinguish between the two possible directions 
of a segment as follows: The notation AB means the seg- 
ment whose initial point is A and whose terminal point is B> 
while BA means the segment whose initial point is B and 
whose terminal point is A. 

A force is indicated graphically by such a directed line seg- 
ment, whose direction indicates the direction of the force, and 
whose length indicates the intensity or amount of the force. 
Velocities are represented in the same manner. See p. 43. 

A segment is said to be positive if its direction coincides with, 
the positive direction of the line on which it lies ; otherwise it 



* The assignment of a positive direction on one line does not determine the 
positive direction on any other line, bat it is often convenient in the case of 
parallel lines to choose the same direction on each as the positive direction. 
In what follows this choice will be understood unless the contrary is specified. 

48 
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is a negative segment. In Fig. 43, AB, FG, etc., are positive 
segments ; DA and FE are negative. Two segments are said 
to have the same sense if they lie on the 

same line or on parallel lines, and if both -4 ? — i — ■ * 

are positive or both are negative. Two t ^ *? ? V > 
segments are said to be of opposite sense if pj G . 43 

they lie on the same line or on parallel 
lines, and if one is positive and the other is negative. Two 
segments having the same length and the same sense are 
equal.; if they have the same length and are of opposite 
sense, each is the negative of the other. Thus, in Fig. 43, 
AB = EF, while AC= - &E and CB = - FG. 

The numerical measure of a directed segment is the number 
of units in its length with the sign + or — , according as the 
segment is positive or negative. 

With the agreements of this article, a directed segment may be 

substituted for any parallel-segment of the 

—J 5" 1 ' — * same magnitude. Such a movable directed 

" H p tP > segment is often called a vector. 



A DB 



4 



a' b 1 

H *p £? »■ 35. Geometric Addition of Line Seg- 

-S — ¥-? 5^ ments. Given two line segments AB and 

£7 — h; — h* CD, of the same or opposite sense ; to add 

b A p f r the second to the first, place the initial point 

B * ^ of the second on the terminal point of the 



-h — 1 



6' c' 

first; then the segment from the initial 

point of the first to the terminal point of 

the second is their sum. Thus, lay off A'B'= AB and B'D' = 

CD ; then AD 1 = AB + CD (Fig. 44). This sum in the case of 

forces or velocities is a special case of the resultant, defined on 

p. 43, when the forces (or velocities) lie on 

the same lines. A c b d 

a b' 



c 



36. Subtraction of Line Segments. Given A c ' B n 

two segments AB and CD of the same or "p gT 1 *-*• 

opposite sense, to subtract the second from "* fi p~ 

the first, add the negative of the second Fig. 45 
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to the first ; * in other words, place the terminal point of the 
subtrahend on the terminal point of the minuend ; then the 
segment from the initial point of the minuend to the initial 
point of the subtrahend is the required difference. 

EXERCISES XVH. - ADDITION AND SUBTRACTION OF SEGMENTS 

1. By laying them off on a directed line with some convenient unit, 
add the segments whose numerical measures are S and 4 ; 2 and — 4 ; 
— 4 and 6 ; — 2 and — 3. 

2. Find the sum, or resultant, of two forces that act in the same 
line whose intensities (measured in pounds) are — 5 and + 10, respec- 
tively. Draw a figure to represent the solution. 

3. If three forces of intensities +7, — 15, +2 (lb.), respectively, 
act on a body in the same line, find the resultant force. Draw a figure. 

4. If a man walks with a speed of 4 mi. per hour toward the rear of 
a train going 35 mi. per hour, find his actual speed. Draw a figure. 

5. A man's gains and losses (indicated by — ) in business in succes- 
sive months are $250, — $118, $35, $712, — $15. Find the total gain, 
and the average gain per month. Draw a figure. 

6. The gains and losses in the population of a city in successive years 
are 3500, - 1100, — 2300, + 600, + 2800. Find the total gain, and the 
average gain per year. 

7. Verify that AB + CD = CD + AB by laying off segments. 

8. Verify that ( AB + BC) + DE = AB + (bC + DE). 

9. Add BA to AB. What is the result ? 

[Note. A segment whose end points coincide is called a zero segment, 
or simply, zero.] 

10. Verify that if A, B, C, are any three points on a line, then no 
matter what the order of the points, or which is the positive direction of 
the line, always AB + BC = AC (six cases). 

11. Lay off the segments AB = 8, CD = 10, BC = 6, DE = 5, and per- 
form geometrically the following operations, checking each by the corre- 
sponding numerical equation. 

(a) AB + BC - DE. (c) CA - DB + DE + BC. 

(b) AD-BE- AB. (d) AB - CE + DC + BD. 

12. By n times a segment, or n • AB, we mean the segment 

(1) (2) (3) (n) 

AB + AB + AB + ••• + AB 
where n is a positive integer. If AB = 4, construct 3 • AB. 



* For it is required to find a segment which can be substituted for x in the 
equation x + CD = AB, and AB 4- DC is the unique solution of this equation. 
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13. Construct 5 times a segment whose numerical measure is — 3/5. 

14. If AB = n • CD, we say that CD = AB -t- n. By the well-known 
method of plane geometry we can find points Pi, P 2 , Ps, ••-.» i\»-i, such 
that AP\ = P1P2 = P2P8 = ••• = Pn-iB = AB/n, where n is any positive 
integer. Draw a segment at random and divide it into fifths. 

37. Rotation. Directed Angles. In describing rotation, it is 
convenient to regard angles as positive or negative in the follow- 
ing manner : an angle is thought of as 
generated by the rotation of one of its 
sides about the vertex as center ; its first 
position is called the initial side, the final 
position is called the terminal side. An 
angle generated by a rotation opposite to 
the motion of the hands of a clock 
(counterclockwise), is said to be positive; 
an angle generated by a clockivise rotation, 
is said to be negative.* 

Thus, in Fig. 46, a, ft, 8, are positive angles ; y is negative. 

Logically, the familiar units of angle used in elementary geometry and 
thus far in this book may be defined as follows : if the terminal side of 
the angle rotates in the positive direction until it coincides (for the first 
time), (a) with the perpendicular to the initial line at the vertex, the 
angle is a right angle; (b) with the prolongation of the initial side 
through the vertex, the angle is a straight angle ; (c) with the initial line 
itself, the angle is a revolution (or a perigon) . A degree (°) is defined 
in terms of any one of these by the equation 360° = 1 rev. = 2 str. A = 
4 rt. A ; it is divided into minutes (') and seconds (")» so that 1° = 60' = 
3600". An acute angle is a positive angle less than a right angle. An 
obtuse angle is greater than a right angle and less than a straight angle. 

Angles may be of any magnitude, positive or negative. Thus, 
in Fig. 46, for example, fi is greater than a straight angle ; and 
8 is greater than 360°, or a complete revolution. In rotating 
parts of machinery, such angles have a very vivid meaning. 
Thu&, a wheel which rotates 370° per second has a very differ- 
ent speed from that of a wheel which rotates 10° per second. 



* Either of these directions may of coarse be chosen as the positive direc- 
tion of rotation, the other is then the negative direction. The choice here 
made is the customary one for angles ; but in many kinds of machinery, the 
other sense of rotation is considered positive, as in the case of a clock. 
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38. Geometric Addition 
and Subtraction of Directed 
Angles. To add two 
angles, place the initial 
side of the second in the 
A b w terminal side of the first 

Fig. 47 and make their vertices 

coincide, then the angle from the initial side of the first to the 
terminal side of the second 
is their sum. To subtract 
an angle a from an angle ft, 
place the terminal side of 
a on the terminal side of (3 ; 
the angle from the initial 
side of ft to the initial side 
of a is their difference A 
(fi — a). Compare these with the rules for adding and sub- 
tracting segments (§§ 35, 36). 
In Fig. 47 a positive angle ft is 
added to a positive angle a. In 
Fig. 48 a negative angle fl is 
added to a positive angle a. In 
Fig. 49 a positive angle a is sub- 
tracted from a positive angle p. 




—A 





Fig. 49 



39. Placing Angles on Rectangular Axes. To place any given 
angle on a pair of rectangular axes in the plane of the angle, 
put the vertex at the origin and the initial 
side on the o-axis extending to the right ; the 
terminal side will then fall in one of the four 
quadrants (or, if the angle is a multiple of a 
right angle, on one of the axes). If the 
terminal side falls in the first quadrant, the 
angle is said to be an angle in the first quad- 
rant, etc. In Fig. 50, a is a positive angle 
in the first quadrant, ft is a negative angle in the fourth 
quadrant, 8 is a positive angle in the fourth quadrant. 




Quad. 
Ill 



Quad. 
IV 



Fig. 50 
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EXERCISES XVIH— DIRECTED ANGLES 

1. What angle will the minute hand of a clock generate in 2 hr. 
24 min. 10 sec. ? 

2. A flywheel is running steadily at the rate of 450 revolutions per 
min. What angle does one of its spokes generate in 2 sec. ? In 1.2 sec. ? 

3. By means of a ruler and a protractor, construct the following 
angles and their sums ; check by adding their numerical measures. 

(a) - 75° and 125°. (6) 66° .and - 30°. (c) 45° and 30°, and 70°. 
[d) - 60° and - 36°. (e) 485° and 65°. (/) - 760° and 30°. 

4. With some two of the angles just given verify a + £ = + a. 

5. (a) Construct 27° + 85° + (- 45°)+ 135°. 
(6) Construct - 150° + 96° + 24° +(- 80°). 

6. If a wheel is rotating 120° per sec, how many revolutions does it 
make per minute ? how many per hour ? How many degrees does it turn 
through per minute ? 

7. Express an angular speed of 2.5 revolutions per second in degrees 
per second ; in revolutions per minute ; in degrees per minute. 

8. A flywheel rotates at the rate of 40 revolutions per minute. 
Through what angle does one of its spokes turn in a second ? 

9. Reduce an angular speed of 3.4 revolutions per second to degrees 
per second ; to degrees per minute ; to revolutions per minute. 

10. Find the angular speed of the rotation of the earth on its axis 
(a) in revolutions per minute ; (6) in degrees per second. 

11. Construct a right triangle whose sides are 3 and 4 ; construct an 
angle which is 3 times the smaller angle of this triangle. 

12. Construct a right triangle with hypotenuse = 12 and one side = 6 ; 
construct an angle equal to one fourth of the larger acute angle of this 
triangle. 

13. Construct an angle 3.5 times the smallest angle of the triangle in 
Ex. 12. 

14. Every acute angle is a positive angle in the first quadrant ; con- 
struct and place on the axes a positive angle in the first quadrant that is 
not acute. 

15. Every obtuse angle is a positive angle in the second quadrant ; 
construct and place on the axes a positive angle in the second quadrant 
that is not obtuse. 

16. Construct the following angles and place them on the axes: 
(a) -160°; (6) 285°; (c) 480°; (d) 570°; (e) -225°; (/) -450°. 

17. In what quadrant is each of the following angles: 459°, 682°, 
725°, - 100°, - 1090°, ± 85°, ± 95°, ± 175°, ± 185°, ± 265°, ± 275°, 
± 355° ? 
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40. Congruent Angles. If the difference of two angles, a and 
/?, is n times 360° (where n is one of the numbers 0, 1, 2, 3, 
• •• etc.), they are said to be congruent angles and we write 
a ^ ft ; read : a is congruent to 0. Thus 15° ^ 375°, - 172° 
^188°, etc. If two angles y and 8 are not congruent, they 
are said to be incongruent, and we write y 3^ 8, 8 ^ y. Thus, 
45°q^400°. To prove that two angles are congruent it is 
necessary and sufficient to show that their difference is either 
or a multiple of 360° j that is, if a g* p y a - P = ± n . 360° ; 
and conversely. 

41. Properties of Congruent Angles. If two congruent angles 
are placed on the same pair of axes, their terminal sides will 
coincide. For example, any two of the angles 50°, 410°, 
— 310° are congruent; when placed on the same axes their 
terminal sides all coincide. If two incongruent angles be 
placed on the same axes, their terminal sides will not coin- 
cide.* This is the geometric equivalent of § 40. 

(1) Every angle obtained by putting n = 0, 1, 2, 3, etc. in 
the formula a ± n 360° is congruent to a ; conversely every 
angle congruent to a is found in this set. (Use § 40.) 

(2) If a is any angle whatever, there is one and only one 
angle between 0° and 360° (0° included, 360° excluded) which 
is congruent to a. For if a is an angle of any size, the addition 
to a and subtraction from a of successive multiples of 360° 
(360°, 720°, 1080°, etc.) will give all angles congruent to a, and 
obviously one and only one of the§e lies between 0° and 360°. 

(3) If a ^ y and if p^y, then a^p. That is, if each of 
two angles is congruent to a third angle they are congruent to each 
other. Proof : a — y = ± m . 360°, and y - p = ± n • 360° ; 
whence, adding : a — p = ( ± m ± n) 360°, that is, a^p. 



* The word congruent is thus equivalent to the word superposable as used 
in geometry ; but we must remember that two angles are superposable if and 
only if it is possible to make them coincide vertex with vertex, initial side 
with initial side, terminal side with terminal side. That such angles are not 
identical is evident in such practical instances as rotating machinery ; the 
motion of a flywheel, 30° per second, differs essentially from that of a wheel 
turning 410° (or from that of one turning — 310° per second) , See § 37, p. 51. 
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(4) If the same angle be added to (or subtracted from) each of 
two congruent angles, the results will be congruent angles. 

Given a ^ /?, to prove : (a) a + y ^fi -h y, (b) a— y ^ ft — y. 
(a) (a + y) — (/? + y)=a— £ = ±n-360°; hence a + y^/?+y. 
(6) (a — y) — (/S — y)=a--/5==± n,.360°; hence a— y 3*0— y. 

(5) 2%e negatives of congruent angles are congruent 

Given a^/?, to prove that (— a)^(— /?). 

Proof: (-/?)-(-«) = «- 0==±n. 360°; hence(-0)^(~a). 

By (4) the transposition of a term from one side of a congruence to the 
other with change of sign is permissible ; e.g. from 46° — 360° s* 65° fol- 
lows 45° ^ 55° + 360° ; from a + 150° ^ j8 + 180° follows a - p a 30°. 

By (5) it is permissible to change the signs of all terms of a congru- 
ence ; e.g. from 2 x — 18° ^ 3 x — 63° follows — se ^ — 45° and x Qt 45°. 

It is not ordinarily permissible to multiply or divide both sides of a 
congruence by any number (except to multiply by an integer); e.g. from 
30° a* 390° it does not follow that 10° ^ 130°. 

EXERCISES XIX. — CONGRUENT ANGLES 

1. Draw figures on polar coordinate paper to illustrate (4), § 41, when 
(a) a = 30°, 0=390°, 7 = 20°; (6) a = 90°, j8=-270°, 7 = 45°; 
(c) a = 72°, p = 432°, 7 = 72°. 

2. Taking a = 60°, p = - 300°, 7 =- 50°, 5 = 310°, draw a figure 
showing that (a) « ^ £ ; (6) 7^8; (c) a — 7 ^ /3 — 5. 

3. Find the angle between 0° and 360° which is congruent to each of 
the following : (a) - 42° 13' ; (6) -842°; (c) 364° 23' ; (d)360°; 
(e) - 90° ; (/) 420° ; (g) 2700°. 

4. Solve for x the congruence 27° — x ^ 360° + 2 as. 

j4ws. x ^ 9°, i.e. a = 9° ± n . 360°. 

5. Find 3 values for x which satisfy the congruence 3 «— 70°^ 160°— x. 

Ans. x = - 35°, 55°, 145°. 

6. Find the smallest positive value of x which satisfies the congruence : 
x + 200° s 40° - 3 x. Ans. x = 60°. 

7. Prove that the sum of the interior angles of a convex polygon is 
congruent to 0° or 180° according as the number of sides is even or odd. 

8. Compare a rotational speed of 30° per sec. with a speed of 390° 
per sec. 

9. Reduce an angular spsed of 390° per second to revolutions per sec- 
ond ; to revolutions per minute. 

10. If a ag p and 7^5, prove that a + 7 £g p + 5, and a — 7 ag p — d. 
Compare (4), §41. 
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PART II. ANGULAR SPEED — RADIAN MEASURE 

42. Measurement of Angles. An angle may be named and 
used before it is expressed in any system of measurement. 
Thus, we may refer to an angle A of a right triangle whose 
perpendicular sides are 16 in., and 24 in., respectively ; and we 
can compute tan A — 24/16 = 1.5, etc., without measuring A in 
terms of any unit angle. General theorems like the law of 
sines remain true in any system of measurement. 

The measure of an angle — say 36° — consists of two distinct 
ideas : the unit angle (in this example, one degree) and the ab- 
stract number (here 36) which expresses the numerical measure 
of the angle in terms of the chosen unit. The elementary units 
are denned in § 37. For many purposes it is convenient to use 
another unit angle called the radian. 

43. Radian Measure of Angles.* A radian is a positive angle 
such that when its vertex is placed at the center of a circle, the 
intercepted arc is equal in length to the radius. 

This unit is thus a little less than one of the angles of an 
equilateral triangle ; in fact it follows from the geometry of 

the circle, since the length of a semicircumfer- 
ence is irr, that 
(1) ir radians = 180°, where ir =3.14159, 

whence 1 radian = 57° 17' 44".806, or 57°.3 
approximately. Inversely 1° = .01745 radians. 
It is easy to change from degrees to radians 
and vice versa by means of relation (1), which 

should be remembered. Conversion tables for this purpose 

are printed in Table IV. 

44. Use of Radian Measure. It is shown in geometry that 
two angles at the center of a circle are to each other as their 
intercepted arcs ; therefore if an angle at the center is meas- 
ured in radians and if the radius and the intercepted arc are 
measured in terms of the same linear unit, their numerical 
measures satisfy the simple relation : 

arc = angle x radius. 




* Sometimes also called circular measure. 
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In other words, the number of linear units in the arc is 
equal to the product of the number of radians in the angle by 
the number of linear units in the radius. 

Example 1. Find the difference in latitude of two places on the same 
meridian 200 mi. apart, taking the radios of the earth as 4000 mi. 

Angle = arc /radius = 1/20 in radians = 2° 61' 63", approximately. 

45. Angular Speed. In a rotating body a point P, which is 
at a distance r from the axis of rotation, moves through a 
distance 2*r during each revolution or through a distance r 
while the body turns through an angle of one radian. There- 
fore if v is the linear (actual) speed of P (in linear units per 
time unit, e.g. feet per second), and if <■> is the angular speed of 
the rotating body (in radians per time unit, e.g. radians per 
second), then their numerical measures satisfy the relation 

v = r • o> ; 

hence the angular speed of a rotating body is numerically equal 
to the actual speed of a point one unit from the axis of rotation. 
Engineers usually express the angular speed of the rotating 
parts of machinery in revolutions per minute (R. P. M.) or 
revolutions per second (R. P. S.). These are easily reduced 
to radians per minute (or per second) by remembering that 
one revolution equals 2 ir radians. 

Example 1. A flywheel of radius 2 ft. rotates at an angular speed of 
2.6 R. P. S. Find the linear speed of a point on the rim. 

In radians per second, u=2.6x2ir = 6ir, and for a point 2 ft. from 
the axis of rotation v = 2 x 6 *■ = 31.416 ft. per second. 

Example 2. Find the angular speed of a 34-in. wheel on an automo- 
bile going 20 mi. per hour. 

> Every time the wheel turns through a radian the car goes forward 17 
in. (the length of the radius), and 20 mi. per hour = 362 in. per sec. ; 
therefore the wheel turns through 352/17 = 20.7 . . . radians per second. 

46. Notation. In measuring angles in radian measure we 
shall adopt the practice universal in advanced work and write 
only the numerical measure of the* angle in terms of the unit 
one radian. Thus in the expression tan x, the letter x will de- 
note a number (the numerical measure of an angle), rather 
than the angle itself. 
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When necessary, to call attention to the fact that radian 
measure is intended, the symbol ( (r> ) is appended to the nu- 
merical measure, thus: 

1"> = 1 radian = 57° 17' 44".8, 
2"> = 2 radians = 114° 35' 29".6, 
»"> = *- radians = 180° = 2 rt A, 
(t/2)<'> = x/2 radians = 90° = 1 rt Z, 
and so forth. 

As it happens that the acute angles whose trigonometric functions are 
most easily recalled without consulting tables are simple fractional parts 
of a straight angle, the number x often appears as a factor of the nu- 
merical measure of angles. In this system, for example, sin (*/2) = 1, 
cos (*r/3) = 1/2, tan (x/4) = 1, etc. 

The use of pure numbers, such as 2 or x in place of an angle, is pre- 
cisely similar to the use of 10 for 10 ft. or 10 inches in expressing lengths. 
The student should supply the unit of measurement (radians, or feet or 
inches), and should not confuse the number w ( = 3.14159--) with the 
angle whose measure is v radians, as he should not confuse the number 
10 with the distance 10 feet. 

47. Relations between Angular Units. The units of angle 
mentioned thus far are degree, minute, second, right angle, 
straight angle, revolution (or perigon), radian. The relations 
between these units is given in the following table : 





o 


t 


H 


Rt. Z 


Rmv. 


Radians 


1° = 


1 


60 


3600 


1/90 


1/360 


x/180 


1' = 


1/60 


1 

• 


60 


1/5400 


1/21600 


x/10800 


1" = 


1/3600 


1/60 


1 


1/324000 


1/1296000 


x/648000 


lit. z = 


90 


5400 


324000 


1 


1/4 


x/2 


1 str. Z = 


180 


10800 


648000 


2 


1/2 


•K 


1 rev. = 


360 


21600 


1296000 


4 


1 


2*- 


1 radian = 


180/x 


10800/x 


648000/*- 


2/ir 


V(2') 


1 



Another unit frequently used in France and occasionally 
elsewhere is the grade, which is 1/100 of a right angle. 
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EXERCISES XX. — ANGULAR SPEED— RADIAN MEASURE 

1. Express the following angles in degrees, minutes, and seconds : 

(a) n-00/4; (b) n-CO/O; (c) 2x<'>/3; (d) 3<'>. 

2. Express the following angles in radians : 

(a) 25° ; (&) 30° ; (c) 35° ; (d) 28° 39' ; (e) 114° 35'. 

3. How far short of one revolution is 6< r > ? 

4. To gain ability to judge the size of angles in circular measure, 
express approximately (to within 1°) angles whose sizes are K r >, 4< r >, 5< r >, 
8< r >. Draw an angle which is about your impression of an angle of 2< r >, 
and measure it with a protractor : do not revise your figures. 

5. If a vehicle moves at the rate of 15 ft. per sec, through what angle 
does one of its wheels, 3 ft. in diameter, revolve in one second ? 

6. If the linear speed of a vehicle is 30 mi. per hour, what is the 
angular speed of one of its wheels which is 4 ft. in diameter ? 

7. A wheel 5 ft. in diameter is connected by a belt 40 ft. in length 
with a wheel 4 ft. in diameter. If the large wheel makes 30 revolutions 
per minute, how often does the seam of the belt pass this wheel ? What 
is the angular speed of the smaller wheel ? 

8. Find the angular distance on the earth between two points whose 
distance from each other, on the arc of a great circle, is 800 miles. 
[Take the radius of the earth to be 4000 miles.] 

9. Find the distance in miles between two points on the earth's sur- 
face whose angular distance is 1° ; between two points whose angular 
distance is 0.25 radians. 

10. Find the length of the subtended arc of an angle of 3.40 radians 
at the center of a circle of radius 5. 

11. Find the length of the subtended arc of an angle of 55° at the 
center of a circle of radius 3. (Compare the work of Exs. 10 and 11.) 

12- Find the angle at the center which subtends an arc of 3 ft. on a 
circle of radius 4 ft. Express the angle in radians and in degrees, and 
compare the work done in the two cases. 

13. Reduce to radian measure by means of the Tables : 

(a) 23° 40' ; (6) 68° 45' 20" ; (c) 138° 35' 15". 

14. Reduce to degree measure by means of the Tables : 

(a) 3.46(0 ; (&) # .256('> ; (c) .0127<'> ; (d) 8.24('>. 

15. Reduce the following angular speeds to degrees per second ; to 
revolutions per second ; to revolutions per minute : 

(a) 4.5< r > per sec. ; (6) 2.48< r > per sec. ; (c) 10.54< r > per sec. 



CHAPTER V 

FUNCTIONS OF ANY ANGLE 

PART I. DEFINITIONS. READING OF TABLES 

48. Resolution of Forces. Projections. In § 33, p. 43, we 
saw how to find the components of a force, or a velocity, on 
any line, as the projection of the force on that line ; and we 
saw that the components of a force F on each of two perpen- 
dicular axes, even when the 
.__fc,(x.y) f\ | F angle a is obtuse, are 

(1) F x = Proj, F=F cos a, 



Fig. 52 





F y = Proj y F= Fsin a. 

If several forces occur in 
the same problem, some of 
them may make an angle a greater than 180° with the positive 
direction Ox. It is convenient to define cos a and sin a for 
angles greater than 180° so that the equations (1) remain true. 
If we do so, the projection on the two axes of any directed 
line r joining the origin O to a point P are, respectively, 

(2) as = Proj x r = r cos a, y = Projj, r = r sin a, 

where a is the angle between the positive direction Ox and 
the positive direction OP, and may be an angle of any size, 
positive or negative. 
Hence the desired definitions are : 

(3) cosa = ^, sina=^. 

These definitions are consistent with those already given, 
§§6, 18, for the sine and the cosine ; i.e. in case 0° ^ a ^ 180°, 
they determine the same values as the earlier definitions. 

49. General Definitions. Trigonometric Functions of any Angle. 

The definitions of sin a and cos a given in § 48 have, of course, 
no necessary dependence upon forces. Each is a number which 
depends only on the magnitude and sign of the angle. A purely 
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geometric definition of these and of the other trigonometric 
functions of any angle a, consistent with the. definitions of 
§§6, 18, and with the fundamental relations between them, 
such as tan a = sin a/cos a, sin 2 a -f- cos 2 a = 1, the reciprocal re- 
lations, etc., may be made- as follows : 
Place the given angle on a pair of 
rectangular axes, and select any point 
P whose coordinates are (x, y) on the 
terminal side at a distance r > 
from the origin. Then 

(i) 



p («.y) 



. y ordinate 

sill a = - = -^-^ — , 
r radios ' 




p («,y) 



p (*.y) 



(2) 
(3) 

(4) 
(5) 
(6) 



as abscissa 

cos a = — = — a* — 9 
r radius 

tena= 2/_ ordinate 



Fig. 63 



QD 

ctn a = — = 



abscissa 

abscissa 



y ordinate' 

„~« r radius 
sec a = - = — — ; — , 

x abscissa 



esc a = - = 



radius 



provided x =£ ; * 
provided y =£ ; 

provided x =£ ; 

provided y =£ 0. 



y ordinate' 
Three additional functions sometimes used are : 

(7) The versed sine of a : vers a = 1 — cos a. 

(8) The co versed sine of a : covers a = l — sin a. 

(9) The external secant of a : exsec a = sec a — 1. 

By these definitions every angle has a sine and a cosine, be- 
cause in the ratios y/r and x/r the denominator r is never zero. 
There is no secant or tangent t for 90°, or for 270°, or for any 



* The exceptions noted are based on the general principle that a fractional 
expression does not represent a number if its denominator is zero. 

t To say that 90° has no tangent does not mean that the tangent of 90° is 
zero. When we say that an article has no value we mean that it has a value 
and that value is zero. Not so here. Since the general definition of tangent 
does not apply to 90°, we could, if we found it convenient, define tan 90°, but 
we do not ; we leave it undefined. Often it is said tan 90° = oo, but this does 
not mean that 90° has a tangent ; it means that as an angle a increases from 
0° to 90°, tan a increases without limit, and that before a reaches 90°. 
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angle whose terminal side coincides with either the positive or 
negative end of the y-axis, because the denominator x in the 
ratios r/x, y/x, is zero. Similarly, there is no cosecant or co- 
tangent for 0° or for 180°, or for any angle whose terminal side 
coincides with the positive or negative end of the a>axis. 
There exists a tangent, cotangent, secant, and cosecant for 
every angle except those just mentioned. 

The values of the same trigonometric function of two con- 
gruent angles (§ 40) are equal ; that is, if a is congruent to /?, 
then sin a = sin p, cos a = cos p, tan a = tan p ; and likewise 
for all the other trigonometric functions. In other words, any 
angle obtained by adding to a given angle, or subtracting from it, 
a multiple of 360°, has the same functions as the given angle. 

For example : sin (- 295°) = sin 65°, cos (- 315°) = cos 45°, 
tan i476° = tan 36°, sin (0 - 180°) = sin (18O°+0), cos (x-90°)= 
cos (270 6 + x), tan (360° - y) == tan (- y). 

50. Algebraic Signs of Trigonometric Functions. The sine of 
any angle in the first or second quadrant is positive, because 
the ordinate of any point above the x-axis is positive ; the sine 
of any angle in the third or fourth quadrant is negative, be- 
cause the ordinate of any point below the as-axis is negative. 

The cosine of any angle in the first or fourth quadrant is 
positive, because the abscissa of any point to the right of the 
V-axis is positive; similarly, the cosine of any angle in the 
second or third quadrant is negative. 

Similarly, the signs of tan a, ctn a, sec a, esc a, etc., may be 
determined directly from a figure ; they are as follows : 



QrAPKJLXT ttaa cm a tea a eta a 



1st 
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i 
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2d 
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3d 
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- 


+ 



4:h 



Note. v l1 tan a is positive v negative) when sin a and cos a have like 
v unlike^ signs ; ^ reciprocals have the same sign. 
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EXERCISES XXI. — FUNCTIONS OF THE GENERAL ANGLE 

1. By placing the angles on the axes, show from the definitions that 

(a) sin 226° = - V2/2, cos 225° = - V2/2. 
(6) sin 150° = 1/2, cos 160° = - V3/2. 

(c) sin 330° = - l/2,_ cos 330° = V3/2. 

(d) sin ( - 315°) = V2/2, cos ( -315°) = V2/2. 

(e) sin (-1020°) = V3/2, cos (- 1020°) = 1/2. 

(/) sin 180° = 0, sin (n 180°) = ; for n=±l, ±2, ±3, ... . 
(g) cos 90°=0, cos (2 n -1) 90° = ; for n = ± 1, ± 2, ± 3, ... . 

2. Which of the following are positive and which negative ? sin 72°, 
sin 352°, sin 850°, tan 128°, sec 260°, sin (-20°), cos (-380°), sin (-260°), 
cos 160°, ctn280°, cos 33°, esc 91°, cos (-40°), tan (-140°), cos (-400°). 

3. Prove for any angle a that sin 2 a -f cos 3 a = 1. [Use x 2 + y 2 = r 3 .] 

Prove each of the other Pythagorean relations for any angle a : 
1 + ten 2 a = sec 2 a, if cos a =£ ; 1 + ctn 2 a = esc 2 a, if sin a =£ 0. 

4. Prove that ctn a, sec a, esc a, are the reciprocals of tan a, cos a, 
sin a, respectively, for all values of a for which both are defined. 

5. (a) Prove that the sine of any angle in the first or second quad- 
rant is between and 1 . (6) Prove that the cosine of any angle in the 
1st or 4th quadrant is between and 1. 

6. Prove that if an angle is not an odd multiple of a right angle its 
sine is between — 1 and + I ; and conversely. For what angles is 
sin a = + 1 ; sin a = — 1 ; cosa = +1 ? 

7. Show that ten a = sin a/cos a for all values of a, if cos a =£ 0. 

8. Show that tan a and ctn a may have any values whatever. 

9. Show that vers a and covers a are always positive or zero. 

10. If an angle a starts at 0° and gradually increases to 360 3 , show 
that the behavior of sin a and cos a will be as indicated in this table : 



a 


0° 



1 


0°<a<90° 


90° 
1 



90°<a<180 3 


180° 


— 1 


180°<a<270° 


270° 

— 1 



270°<a<860° 


86U° 


1 


sin a 


increases to 


decreases to 


decreases to 


increases to 


cosa 


decreases to 


decreases to 


increases to 


increases to 



11. By placing the angles indicated on rectangular axes determine the 
numbers to fill the blanks in the following table : 



a 


80° 


45° 


60° 


20° 


185° 


160° 


210° 


225° 


240° 


800° 


815° 


880° 


sin a 
























cos ft 
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12. Assuming that the sun passes directly overhead, trace the change 
in the length of the shadow of an object from dawn to sunset. Which 
trigonometric function do you think of in this problem ? 

13. Assuming the results of Exs. 10 and 11, derive from them the 
variation of the tangent from 0° to 360° and its values at each of the 
angles mentioned in Ex. 11. Do the same for ctn a, sec a, esc a. 

51. Reading of Tables. Sine and Cosine of —8 and 90° +6. 

In order to find the sine (or any other trigonometric function) 
of an angle we consult the tables. In the tables the values of 
the sine, for example, are printed only up to 45°. To find the 
sine of an acute angle greater than 45° we make use of the re- 
lation sin a = cos (90° — a). The tables are arranged to facili- 
tate this by having the angles above 45° printed at the bottom 
of the page, and the column headings changed from sine to 
cosine, etc. (See Tables, p. 22.) 

If we wish to find the sine of an angle greater than 90°, we 
must find a way to express the sine in terms of some function 
of an acute angle less than 45°. In Chapter III this has been 
done for obtuse angles. The purpose of what follows is to 
make a similar reduction for any angle, positive or negative. 

The following four relations are. true for every angle 6 {positive, 
negative, zero) : 



(1) sin (-6) =- sine, 

(2) cos ( — 6) = cos6, 



(3) sin (90° + 6) = cos 6, 

(4) cos (90° + 6) = — sin 0. 



R(-M) 



(a,b) 



Proof: (a) When 0=0° the formulas 
are easily verified. 

(b) When 0° < < 90°, place the 
angles 0, — 0, and 90° 4- on the same 
coordinate axes, with the origin as cen- 

( a -b)^ er an ^ a conven i en t radius r > 0, and de- 
scribe a circle cutting the terminal sides 
of 0, - 0, 90° -f 0, in P, Q, R. Let the 
coordinates of P be (a, b) ; then those of Q are (a, — b), and those 
of B are (—6, a), since the right triangles OAP, OAQ, BBO 
are congruent. Then, by § 49, sin = b/r, cos = a/r\ 
sin (- 6) =- b/r, cos (- 0) = ajr\ and sin (90° + 0) = a/r, 
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cos (90° -f 0) = - b/r. Therefore sin (- 0) = - sin 0, cos (-0) 
= cos 0, sin (90° -f- 0) = cos 0, cos (90° + 0) = - sin 0. 

(c) When = 90°, 180°, 270°, verify by direct substitution. 

(d) When 90° < < 180°, or 180° < < 270°, or 270° < 
< 360°, the formulas are proved by a figure drawn as in (b). 

The formulas (l)-(4) are thus proved for all values of 
between 0° and 360° (0° included). 

Finally, if a is any angle whatever, there is one angle /3 be- 
tween 0° and 360° (0° included) such that ^ a. (See § 41.) 
We have just seen that formulas (l)-(4) hold for /}; but since 
a^/3, we have also -a^-ft 90° + a a* 90° + 0. (See §41.) 

It follows that (l)-(4) hold for a, since any trigonometric 
function has the same value for any two congruent angles. 

52. Reading of Tables. Sine and Cosine of 180° ± and 270° ± 0. 

The relations tabulated below are true for every angle 8. 





-e 


90° -e 


90° + e 


i8o° +e 


i8o° + e 


270° - e 


270° + e 


sin 


— sine 


COS0 


cose 


sin0 


— sin 


— COS0 


— CO8 


cos 


cose 


sin 


— sine 


— COS0 


— CO8 


— sin 


sin 



Proof: The four relations in black-face type have been 
proved above ; to prove the others, we proceed as follows : 

(1) Let a = - 0, then 90° - 6 = 90° 4- a, and sin (90° - 6) = 
sin (90° + a)= cos a = cos (— 8)= cos 0. 

(2) Cos (90° - 0) = cos (90° + a) = - sin a = - sin ( - 6) = sin 0. 

(3) Let a = 90° - $, then 180° - 6 = 90° 4- a, whence 
sin (180° - 0) = sin (90° + a) = cos a = cos (90° - 6) = sin 6 ; 
and cos (180° - 0) = cos (90° + a) =s - sin a = - sin (90° - 6) 
= — cos 0. 

(4) Let a = 90° + and make use of the formulas for 90° -h a 
to obtain formulas for 180° + 0. 

(5) Let a = 180° — and make use of the formulas for 
90° -f a to obtain formulas for 270° - 6. 

(6) Let a = 180° + and make use of the formulas for 
90° 4- a to obtain formulas for 270° 4- 0. 
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53. Extension to Other Functions. The* relations tabulated be- 
low are true for every angle 0, except as noted : 





-e 


»o o -e 


80° + e 
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i8o° + e 
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— sine 


cose 
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sine 


— sine 


-cose 


— cose 
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sine 


— sine 
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-cose 


— sine 


sine 


tan* 


— tan 


COt0 


— COt0 


— tan0 


tan 


COt0 


— COt0 


cot t 


— COt0 


tan 


— tan0 


— cot0 


COt0 


< 
tan 


— tan 


sec* 


sec0 


esc e 


— CSC0 


— sec 


— sec0 


— csc0 


CSC0 


csct 


— CSC0 


seed 


sec0 


CSC0 


— CSC0 


— sec0 


— sec 



Proof: The relations in black-face type have been proved 
above; to make the others depend on these, use the relation 
tan a = sin a -+■ cos a and the fact that the last three functions 
are the reciprocals of the first three in reverse order. 

The whole body of relations in this table, which have now 
been proved for all angles 0, except as noted below, t may be 
remembered by the two following " rules of thumb." 

1. Determine the sign by the quadrant in which the angle would 
lie if ivere acute; the result holds whether is acute' or not. 

2. In case of 90° + or 270° + change the name of the func- 
tion to the cof unction; in case of — or 180° ± do not change 
the name of the function. 

Example 1. sin(175°) = sin(180° - 6°)= + (rule l)sin(rule 2)5°. 

Example 2. 
cos 175° = cos(90° + 85°) = -(rule l)sin(rule 2)85° =-sin 85°. 

Example 3. 

tan 300° = tan(270° + 30°)= -(rule l)ctn(rule 2)30° =- VS. 

Example 4. 
tan 300° = tan (180° + 120°) = + (rule l)tan(rule 2)120°=- ^3- 

♦When = an odd multiple of ± 90° it has no tangent or secant, 
t When = an even multiple of ± 90° it has no cotangent or cosecant. 
t The tabulated relations are all true if is not a multiple of 90° ; they fail 
only in the cases mentioned in the preceding footnotes. See §§ 8, 49. 
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EXERCISES XXII. — READING OF TABLES — REDUCTION TO 

FUNCTIONS OF ACUTE ANGLES 

1. Express the following as functions of acute angles not greater than 
45°. Make use of congruent angles whenever advantageous : 

(a) sin 150° 21'. (6) cos 125° 15'. (c) tan 283° 46'. 

(d) ctn(-36° 16'). (e) sec 460°. (/) csc(- 2*L0° 20'). 

Iff) sin(-943°24'). (h) cos 551° 23'. (i) tan (- 546° 28'). 

2. Show directly from a figure that 

(a) sin(118° 26') = siu 61° 24' = cos 28° 26'. 

(b) cos(118° 26') =— cos 61° 24' = - sin 28° 26'. 

(c) tan(118° 26') = - tan 61° 24' = - ctn 28° 26'. 
. (d) sin 312° 18' = - sin 47° 42' = - cos 42° 18'. 

3. Make a tabular form of 5 columns and 16 rows, and at the head of 
the columns, beginning with the 2d, enter the words sine, cosine, tangent, 
cotangent. In the first column, beginning with the 2d line, enter the 
following angles ? 172° 26', -153° 18', 253° 12', -208° 25', 286° 32', 
- 312° 18', 389° 15', - 416° 27', 462° 60', - 502° 11', 552° 37', - 618° 42', 
650° 14', - 700° 24', 1000° 10'. Use a table of trigonometric functions. 

4. Reduce the following to functions of acute angles as in Ex. 2 : 
(a) sin 164° 22'. (b) cos 348° 12'. (c) tan 264° 46'. (d) ctn 128° 14'. 
(e) sec 222° 45'. (/) esc 306° 42'. (g) sin 142° 25'. (h) cos 275° 23'. 

5. From the tables find the values of the following logarithms : 
(«) log(- cos 161° 11'). (6) log sin 161° 11'. 

(c) log(- sin 217° 17'). (d) log(- cos 252° 48'). 

[Note that the numbers in parentheses in (a), (c), and (d) are positive ; 
if the minus sign were absent, each of them would be negative. Nega- 
tive numbers have no real logarithms.] 

6. Compute the values of the following expressions by logarithms : 
(a) 2.35 sin 148° 23'. (6) 24.8 cos 160° 40'. (c) 16.2 cos 320° 45'. 

7. Find the components on the axes of a force of magnitude 5.74 (lb.) 
which makes an angle of 215° 20' with the positive end of the x-axis. 

8. A force is indicated by stating its magnitude (in pounds) and its 
direction (i.e. the angle it makes with the positive end of the x-axis). 
Find the components on the axes of the forces indicated below : 

(a) (4.17, 128°). [This means magnitude 4.17, angle 128°.] 
(6) (24.8, 250° 10'). (c) (5.72, 310° 35'). 

(d) (51.4, 141° 25'). (e) (40.5, - 23° 40'). 

9. Find the magnitude and the direction of a force whose components 
on two perpendicular axes are F x = 25.46, F y = 38.72. 

10. Find the magnitude and the direction of a force whose components 
are F x =— 12.8, F v = 6.45. 
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PAKT II. GRAPHS OF TEIGO NO METRIC FUNCTIONS 
54. Plotting of Values. A table of a few values, such as 
those of Exs. 10 and 11, p. 63, furnishes enough data to con- 
struct a fair graph of the functions sine and cosine. The table 
on p. 15*also may be used; it contains more than is really 
needed except for exceedingly accurate drawing. For example, 
if x denotes the angle and y denotes its sine, we have to plot 
the curve represented by the equation y = sin x. 

On a sheet of cross section paper draw a pair of rectangular 
axes Ox and 0>J. Before plotting any points it is necessary 
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to decide how many spaces shall represent a unit length and 
how many degrees shall be represented by the unit length, in 
order to get all the desired points on the paper. 

In Fig. 55, one unit on the horizontal scale is chosen to rep- 
resent 60°, which is convenient to the size of the paper ; but 
any other unit might as well have been chosen. 

We then plot the points corresponding to the angles indi- 
cated, and draw through them a smooth curve, keeping in 
mind the general behavior of the sine as given in the first of 
the tables of Ex. 10, p. 56. 

In plotting curves it is of advantage in many ways to make 
the horizontal and vertical scale units the same, and this 
should be done if not too inconvenient.* 



ill its long and only in 
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55. Graphs in Radian Measure. A very convenient unit angle 
for many such graphs is the radian (§ 43). We shall agree 
to use the radian as a unit in trigonometric graphs, unless 
something is said to the contrary. The graph of y — sin x, 
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drawn on this scale, is shown in Fig. 56 ; it resembles Fig. 55 
very closely, since 1 radian = 57°.3 is very close to 60°, •which 
was used in § ">4. 

The use of the radian as the unit angle both in such graphs 
and in all other connections, is universal in the Calculus and 
in other advanced mathematical topics. 

56. Mechanical Construction for sin x. Instead of computing 
values of y for certain values of x as in the preceding table 
and plotting these for points on the curve y = sinx, we can 
shorten the work materially by the following graphical method. 
Construct a pair of rectangular axes and choose a scale unit ; 
for the sake of fixing our ideas let us suppose that this unit 
is one inch. At C, a convenient point on the avaxis as center, 
construct a unit circle. Choose some number for x, and lay 
off ACB = x radians (above the a>-a:ris if x > 0, below if x < 0). 
On the awutis lay off OD = arc AB=x in. (to the right if x > 
0, to the left if x < 0). Then the abscissa of D, and therefore 
of every point on the vertical line through D, is x ; it is ob- 
vious from the construction that the ordinate of B, and there- 
fore of every point on the horizontal line through B, is sin x. 
Therefore the coordinates of the point P where these lines 
intersect are (x, sin x), and P is a point on the curve y = sin x. 

This method may be used to plot the curve y = sin x as f ol- 



FUNCTIONS OF ANY ANGLE 



[V.S56 



lows. Suppose it is desired to plot the curve from ar = — *-/2 
to x = tt/2. Choose a scale unit and lay off on the x-axis OE 
= 1 unit, Oif= 0/3) units = 22/21 of OE, approximately. 
Divide OH into a convenient number of parts (say 4), and 
then mark the points -»/ 2 > -Sx/12, - n-/3, -*/4, — r/6, 
- »/12, V12, t/6, w/4, *!?>, 5 T /12, ,r/2, on the avaxis. At C, 
a convenient point on the avaxis, construct a circle with radius 
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= OE. With a protractor (or by bisection of arcs in this case) 
lay off arcs AB U AB 2 , etc. which subtend angles ir/12 radians, 
t/6 radians, etc. at the center C; also, ABJ, AB S ', etc., sub- 
tending angles — ir/12 radians, — w/6 radians, etc. Intersec- 
tions of corresponding horizontal and vertical lines give points 
on the curve. Proceed similarly for any value of x. 



EXERCISES XXIII. - GRAPHS OP THE TRIGOHOHETRIC FUNCTIONS 

1. From the values of cos x in Exs. 11 and 12, p. 78, plot the graph 
of the equation y = cos z, choosing the units as in § 54. 

2. Draw the curve y = cos x by a mechanical construction similar to 
that of § 56, with the scale used in §§ 55-56. 

3. Plot the graphs of each of the equations 

(a) y = tan x, (6) y ~ ctn je, 
on the scale of § 54, or on the scale of § 55. 

[Now. The scale of § 66 (radian measure) is preferable. See Table V.] 
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4. Trace the variations of cos xa&x increases from to 2 *- radians, 
from the curve of Ex. 2. 

5. Trace the variation of tan x as x varies from to 2 x, from the 
curve of Ex. 4 (a). Trace the variation of ctn x. 

6. Plot the graphs, preferably on the radian scale, of the equations : 

(a) y = sec *, (6) y = esc x. 

7. Show that the graph of y = sin * + cos x can be constructed by me- 
chanically adding the ordinates of the two curves y = sin x and y = cos x. 

8. By analogy to Ex. 7 show how to draw mechanically each of the 
following curves : 

(a) y = sin * — cos x. (d) y = — cos x. 

(b) y = 2 sin x + 3 cos x. (e) y — vers x = 1 — cos x, 

(c) y = tan x — 2 sin x. (/) y = exsec x = sec x— 1. 

9. Show that the graph of y = x + sin x can be constructed mechani- 
cally. (Use radian measure.) 

10. Show how to construct the graph of y = sin 2 x mechanically by 
shortening the horizontal lengths in the graph of y = sin x in the ratio 1 : 2. 

11. By analogy to Exs. 7, 9, 10, draw mechanically each of the fol- 
lowing curves from graphs previously drawn : 

(a) y = cos 3 x. (c) y = x — cos x. 

(ft) y = sin x — 3 cos 2 «. (d) y = tan $e + sin 2 x. 

12. Show that the graph of y = sec x can be drawn mechanically from 
that of y = cos x by means of the relation sec x = 1/cos x. 

13. By analogy to Ex. 12 show how to draw, from the graphs of sin » 
and cos x, the graphs of each of the following curves : 

(a) y = esc x. (6) y = tan *. (c) y = ctn x. (d) y = vers x. 

14. Plot each of the curves (a) y = sin(x/2), (6) y = cos(z/2). 

15. Show that the graph of y = sin(se — ir/Qi) can be drawn by moving 
the graph of y = sin x to the right by an amount x/6. 

16. By analogy to Ex. 15 draw mechanically the following curves : 
(a) y = cos(x — x/6). (c) y = 2 tan(x— x/4). 
(6) y = sin($e + ir/3). \d) y = 2 sin(4 x - x/3). 

17. Show how to draw mechanically the 
graphs of each of the following curves : 

(a) y = sin 2 x. (6) y = cob 2 x. (c) y = tan 2 *. 

18. If a point M moves in a circular path of 
unit radius with a constant angular speed 
1 radian per second, show that the angle = t 
(radians) ; hence show that the coordinates 
(jc, y) of M are : x = cos t, y = sin t. 
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Fig. 58 



PART IIL APPLICATIONS OF LARGE ANGLES 

57. Composition and Resolution of Forces. As in §48, the 
components on the axes of any force of magnitude F which 

makes an angle a with the posi- 
tive end of the &-axis, are 

(1) F x == F cos a, 

F y = F sin a. 

Given two forces, F 1 , F" which 
make angles a\ a", respectively ; 
with the positive end of the a-axis, 
we may find the components of each of them on each of the 
axes. The mm of the two ^-components is F' s -f- F" x = 
F' cos a 1 + F" cos a", and is equal to the a>-component of the 
resultant R of F 1 and F", as is evident from a figure, since. 

Proj, OC=ON= 0M+ MN = Proj, F' + Proj x F ". 
Hence the x component R x of R is : 

(2) R X = F* cos a 1 + F" cos a", 

and in like manner the y component R y of 
2* is 

(3) R v = F' sin a 1 + F" sin a". 

These results hold, by (1), when F' and F" lie in any positions. 

From (2) and (3) the magnitude R of the resultant and the 

angle which it makes with the positive as-axis are given by 

(4) R = -VR X * + R v \ t2inO = R y -irR x ; 

where, in case of ambiguity, the quadrant in which lies is 
determined by the signs of R x and R y in an obvious manner. 

58. The Projection Theorem. We can now generalize the 
preceding results and prove the following important theorem : 

Tlie sum of the projections on any straight line I, of a broken 
line whose segments are taken in order so that the terminal point 
of each segment is the initial point of the next, is equal to the pro- 
jection on I of a line segment joining the initial point of the first 
segment of the broken line to the terminal point of the last segment. 

Proof (1) The theorem is true when the broken line con- 
sists of two segments, for using the notation of § 14, in any 
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figure, Proj, AB = A'B', Proj, BO = B' C, Proj, AC = A'O and 
A'B' + B'C= A'C f , whatever the order of points A'B'C 

(2) If the theorem is true for n — 1 seg- 
ments it is also true for n segments. Let 
A x A n be the straight line joining the initial 
point of the first segment with the* termi- 
nal point of the (n— l)th segment. Then 
by hypothesis : 

Proj, A X A 2 + Proj, A 2 A Z + .- • + Proj, A n ^ A n = Proj, A X A 
Now by (1), Proj, A x A n + Proj, A n A n+Y = Proj, A x A nArY ; 
hence, 
Proj, A X A 2 + ... J- Proj, A-iA 4- Proj, A n A n+1 = Proj, A Y A 

(3) The theorem is true for 2 
segments; hence it is true for 
3 segments, consequently for 4 seg- 
An+i ments, etc., for any number. 

59. Application to Forces and Ve- 
locities. The results of § 58 apply 
to forces and velocities, since the resultant of any number of 
forces (or velocities) is found by forming a broken line whose 
sides are equal and parallel to the given forces (or velocities), 
the initial point of each force (or velocity) being placed at the 
terminal point of the preceding one. The resultant is repre- 
sented by the directed line segment connecting the initial point 
of the first to the terminal point of the last. 

The result of § 58, applied to forces, exactly as in § 57, gives 
the components of the resultant R on the two axes, in terms 
of given forces F\ F", F'", etc., which make angles «', a", a'", 
etc., with the positive end of the se-axis, as follows : 

(1) R X = F' X + F" x + F'" x + ... =F f cosa f + i^"cosa" + ..., 

(2) R y = F\ + F" y + F'" w + • • • = F' sin a' + F" sin a " + . . .. 

The magnitude R of the resultant and the angle $ which it 
makes with the positive a>axis are given by 

(3) R = VW x ~+W y > tanO = R v + R x . 

The signs of R x and R y determine the quadrant in which lies. 
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EXERCISES XXIV. -COMPOSITION AND RESOLUTION OF VECTORS 

1. Find the components B x and B y of the resultant of two forces 
(F* = 12, a' = 30°) and (F" = 20, a" = 60°). 

2. Find the magnitude 5 and the direction of the resultant of Ex. 1. 

3. Find the resultant (B, 0) of three forces (100, 350°), (150, 490°), 
(200, 720 3 ), where (F, a) indicates a force of magnitude F and direction a. 

4. Find the resultant (B, 0) of three velocities (25, 20°), (10, 210°), 
(18, 325°), where (v, a) indicates a velocity of magnitude v and direction a. 

6. If a force of intensity F makes an angle a with any line in space, 
show that the component of F along that line is Fcos a. Draw a figure. 

6. A force is often indicated by stating its two components, in the 
order (F X1 F„), in parentheses, separated by a comma. Find the magni- 
tude and the direction of each of the following forces : 

(a) (6, -10). (6) (-42.5,25.64). (c) (-6, -8). 

(d) (-48.6, -72.9). («) (50.8, -32.9). (/) (-42.2, -54.6). 

7. Show that, in general, the magnitude F and the direction a of a 
force whose components on the axes are F x and F v are given by 

F = VF X * + F y *, tan a = F y -*- F„ 

while the quadrant in which F lies is given by the algebraic signs of 
sin a — F y •+■ F and cos a = F x -*- F. 

8. If a force of intensity 12 makes angles whose cosines are 2/3, 1/3, 
and 2/3 with three mutually perpendicular lines Ox, Oy, and Oz, 
respectively, show that the components on these three lines are 8, 4, 8, 
respectively. 

9. If the cosines of the angles which a force F makes with three 
mutually perpendicular lines are cos «, cos /3, and cos y, respectively, show 
that the components of F on those lines are JFcosa, JFcos/3, jPcos7, 
respectively. 

10. If the components of a force on three mutually perpendicular 
lines in space are 2, 3, and 6, respectively, show that the intensity of their 
resultant is represented by the diagonal of the rectangular parallelopiped 
determined by the components, and compute its value. 

11. Show that the cosine of the angle made by the force of Ex. 10 
with the first of the three mutually perpendicular lines is 2/7. Find the 
cosines of the angles which the force makes with each of the other two 
perpendicular lines. 

12. If a force has components -A, 5, and C on three mutually perpen- 
dicular linos Or, Oy, Os, show that the intensity of the force is 
B = \/A* +B 2 + C*. Show that the cosines of the angles which the 
force makes with Ox, Oy, and Oz are A/B, B/B, and C/B, respectively. 
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60. Uniform Circular Motion. The importance of the func- 
tions of large angles and of negative angles is well illustrated 
by the simple problem of uniform rotation. Let M be a point 
of a rotating body, at a distance a = OM (in feet) from the 
axis of rotation. We have seen (§ 45) that it is convenient to 
measure the angle 0, between the initial position OA and the 
position OM, in radians. Then the arc s which subtends is 

(1) s = aO, (0 in radians, a and 8 in feet) ; 

and $ is proportional to the time t (in seconds) after M was at A: 

(2) = kt, whence 8 = akt, (k a constant), 
where the constant k is the angle 
formed in one second, i.e. the angular 
speed is k radians per second. 

The values of the coordinates, x and 
y, of M, are 

(3) x = a cos 0, y = a sin 6 ; 
or, 

(4) x = a cos kt, y = a sin kt. 
It is evident that in any circular 

motion, the value of $ will exceed ir as soon as t exceeds ir/k ; 
hence large angles occur very naturally in (3) and (4). 

If the rotation is clockwise, it is counted (§ 37) as negative ; 
and all values of and the number k are negative. Then the 
angles in (3) and (4) are negative. 

61. Period. Amplitude. The total time T for one revolution 
is called the period of the rotation. Since the angular speed 
is k radians per second, and since one revolution is 2 ir radians, 
T=2w/k. 

If t is increased by the amount T, the angle is increased 
by one revolution or 2 tr radians. Hence, by (3), x and y are 
not changed since both the sine and the cosine have the same 
values for any two congruent angles. 

The quantity a, the radius of the circular path, is called the 
amplitude. 

62. Vibration. . Simple Harmonic Motion. A point on a vibrat- 
ing stretched cord moves back and forth in a manner similar 



Fig. 62 



76 FUNCTIONS OF ANY ANGLE [V, § 62 

to the motion of the projection of P, § 60, on the as-axis. It is 
assumed in Physics that any point of such a steadily vibrating 
body actually moves precisely as this projection : 

(1) x = a cos let. 

The motion of the projection of P on the y-axis is precisely 
similar to the preceding ; it is 

(2) y = a sin kt. 

The kind of motion described by (1) or by (2) is called 
simple harmonic motion (S. H. M.). As in § 61, the quantity a 
is called the amplitude, and T=2w/k is called the period of 
the S. H. M. The moving point returns to its original position 
every 2tr/k seconds, as in § 61; i.e. T=2w/k is the time of 
one complete vibration. 

EXERCISES XXV. — CIRCULAR MOTION VIBRATION 

1. Show that the coordinates (z, y) of the point P of § 60, for a 
uniform rotation of angular speed 1, are x = acost, y=aamt. See 
Ex. 21, p. 89. 

2. Show that the period of the rotation of Ex. 1 is 2 *\ 

3. Find the values of x and y in Ex. 1 with a = 10, when t = 1, 2, 
ir/2, 3, ir, 4, 2 ir, 7. Plot these pairs of values of x and y, and show that 
the points lie on the circular path. 

4. A recording instrument often used in Physical laboratories consists 
of a cylinder which is covered with a paper painted with lampblack. A 
fine needle is attached to a vibrating body, such as a tuning fork, and this 
needle is allowed to touch the lampblacked surface while the cylinder is 
slowly rotated. 

If the apparatus is adjusted so that the needle would trace an element 
of the cylinder if the cylinder were at rest, show that the curve actually 
traced on the moving cylinder resembles the curve y = sin t. 

5. If the cylinder of Ex. 4 rotates so that a point on its surface 
travels a distance 2 ir/k units per second, show that the curve traced on the 
blackened paper is precisely the curve y = a sin kt, where k is the period 
of the tuning fork, if the amplitude of the vibration remains constant. 

6. If a tuning fork makes 266 complete vibrations per second, show 
that its period is T = 1/256. 

7. Show that the motion of a point on the tuning fork of Ex. 6 is 
described by the equation y = a sin kt where k = 2ir/T= 612 *■, i.e. by 
the equation y = a sin 612 trt. 



V, § 62] ROTATION — VIBRATION 77 

8. Plot the curve which represents the equation x = a sin 512 trt for 
the value a = 1/100 (ft.) = 1 large unit on the y-axis. 

9. If two vibrations in the same direction occur simultaneously, the 
displacement of a point in the vibrating body is the sum of the displace- 
ments due to the two vibrations taken separately. 

Show that the equation y = a sin kt + b cos kt represents such a com- 
pound vibration. 

10. Plot the curve which represents each of the following compound 
vibrations : 

(a) y — 2 cos 3 1 + 3 sin 8 1 ; (6) y = sin 2 t — cos 3 1 ; 

(c) y = cos 6 1 — 2 sin 2 1 ; (d) y = 2 sin 3 t + 6 cos 2 $. 

11. The pitcji of a screw is the distance it moves parallel to its axis 
when the head makes one complete turn ; i.e. the distance between two 
turns of the screw thread. 

Find the distance the screw moves when the head turns through an 
angle of 230°, if the pitch is 1/20 in. 

[Note. Instruments of precision for measuring distances accurately 
are made on this principle, and are called micrometers.] 

12. Find the pitch of a screw that moves through a distance 1/8 in. in 
turning through an angle of 1200°. 

13. A spiral stairway has a railing similar to the - thread of a screw. 
If the pitch is 10 ft., find the angular width of steps that rise 7 in. How 
large must the inner radius of the base be made to make the net width of 
the inner tread 6 in. ? 

14. If the base of a spiral similar to a screw thread has its center on 
the origin of a pair of rectangular axes Ox and Oy, and passes through a 
point of Ox at a distance a from O, and if the vertical distance from this 
base is denoted by h, show that 

x = o cos 0, y = a sin 0, h = p0/36O, 

where p is the pitch and is the angle, in degrees, through which the 
point (x, y) turns. 

15. If the point of Ex. 14 moves with uniform speed, so that = kt, 
where & is a constant, show that 

x = a cos kt, y = a sin kt, h = pkt/360. 



CHAPTER VI 

THE ADDITION FORMULAS 

63. Reduction of A cos a ± B sin a. — Formulas. Such expres- 
sions as A cos a ± B sin a arise in various connections : thus a 
combination of two vibrations gives this kind of ^ form. 

Another very different connection in which such expressions 
arise is in resolution of forces. If a force of magnitude A 
makes an angle a with the positive avaxis, while another force 
B makes an angle of a -+- 90° with the a?-axis, the as-component 

R x of their resultant R is 

(1) R s = A cos a + B cos (a + 90°) 
= A cos a — B sin a ; 

and the y-component R y of R is 

(2) R y = A sin a + B sin (a + 90°) 
= A sin a -(- JS cos a. 

In both these cases, it is pos- 
FlG - 63 sible, and advantageous, to ex- 

press the combination A cos a ± B sin a as the product of a 
single number times the cosine of a single angle. In the case 
of forces this is obvious ; for in Fig. 63 we have, by § 48, 

(3) R t = R cos (a + 0), R y =R sin (a + 0), 

where is the angle between A and R. Inserting these values 
in (1) and (2), we find : 

(4) JB cos (a + 0) = A cos a — B sin a ; 

(5) .R sin (a + e) = A sin a -f jB cos a. 

Moreover, from the figure, A = R cos 0, J5= R sin 0. 

Substituting these values in (4) and (5) and dividing through 
by R, we find : 

(6) cos (a + e) = cos cos a — sin 8 sin a, 

(7) sin (a + 0) = sin a cos e + cos a sin 8. 
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The formulas (6) and (7) are often called the addition 
formulas* 

To reduce A cos a— B sin a to the form R cos (a-f 0), R and 
are found from the relations R = -\/A 2 + i? 2 , tan = 2*/A 
Likewise A sin a + J5 cos a reduces to 12 sin (a + 0) by (5). 

64. Illustrative Examples. 

Example 1. To reduce 2 cos a — 3 sin a to the form B cos (a + 0), we 
may use that part of Fig. 63 which shows .4 (=2), 2? (=3), and B. 
That is, we place lines of length 2 and 3, respectively, at right angles ; 
then B is the diagonal of the rectangle they determine, 
and is the angle between A ( = 2) and B : 

B = y/A* + B 2 = V2* + 32 = Vl3 ; 
and tan = B/A = 3/2 = 1.5 ; 
hence = 56° 18'.6, 

and 2 cos a - 3 sin a = vT3 cos (a + 56° 18'.6) . 

Example 2. Reduce the combination of two simple harmonic motions 
3 sin t -f 4 cos t to the form B sin (t + 0). To find 22 and 0, draw a figure 
as in Ex. 1, with .4 = 3 and B = 4 ; then B = 6, and tan = 4/3 or = 
53° 7'.37. Hence, 3 sin t + 4 cos t = 5 sin (* 4- 53° 7'.37). 

The latter form in itself represents a simple harmonic motion, for if a 

point P moves on a circular path of radius 5 with 
constant angular speed unity (i.e. 1 radian per sec- 
ond), and if the time t is calculated (in sec.) from 
the time P was at A, where Z.XOA = = 63° 8'.37, 
we have 
a = t and x = 5 cos (a + 0), y = 5 sin (a + 0) . 
Hence the motion of the projection of P on the 
y-axis is given by y = 5 sin (t + 0), = 53° 7'.37 
It follows that the sum of two simple harmonic 
motions 3 sin t and 4 cos t is a new simple harmonic 
motion. This fact is easily generalized to the case A sin kt + B cos kt : 

y — A sin kt + B cos kt = B sin (kt H- 0), 
where 1? = y/A*~+W, and tan = £/A 

The angle is called the phase angle ; in the cases considered in § 62, 
this angle was either or ir/2. To find the time when the moving point 
P was on the positive sc-axis, we set y = ; i.e. sin (kt H- 0) = ; this 
gives t = — 0/A:. This time t=—0/kis called the phase. 

* A consideration of one or two special cases shows that the sine of the sum 
of two angles is not equal to the sum of their sines : sin (« + ft) =£ sin a + sin ft ; 
e.g. sin 90° =£ sin 60° + sin 30°, sin 180° =£sin 120° + sin 60°, sin 60° =£2 sin 30°. 

Similarly, show, hy a trial, that cos (a + ft) =£ cos a + cos ft. 
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65. Independent Proof of Addition Formulas. The formulas 

(6) and (7) of § 63 may be proved without reference to forces. 

Let a and ft be any two acute 
angles ; place their sum on coordi- 
nate axes. Let P be any point on 
the terminal side of a+fi at a dis- 
tance r > from the origin. Draw 
PQ perpendicular to the terminal 
side of a. In Fig. 66 a+ft is acute ; 
in Fig. 67, a + ft is obtuse. 

In Fig. 66, the length of OP is r, 
and the line OP makes an angle 
a 4- fi with the a>axis, while the 
angle between OP and the y-axis 
is 90° -(« + £). In Fig. 67, 
OP makes an angle (a + f$) with 

the aj-axis and an angle of (<*-(-/?) — 90° with the y-axis. The 

length of OQ is r cos ft and the 

line OQ makes an angle a with the 

ar-axis while the angle between OQ 

and the y-axis is 90° — a. The 

length of QP is r sin /?, and the 

line QP makes an angle 90° -(-a 

with the 2-axis and an angle a with 

the y-axis. In either figure Fig. 67 

(1) Proj, OP= Proj, OQ + Proj tf QP. 

(2) Proj, OP = Proj, OQ + Proj, QP, 

Since OQ = r cos /?, QP= r sin 0, (1) becomes, by § 48, 

(3) r sin (a + /?)= OQ sin a+QP cos a 

= (r cos /?) sin a + (r sin /?) cos a ; 
and similarly, (2) becomes 

(4) r cos (a + 0) = OQ cos a + QP (- sin a) 

= (r cos /?) cos a= (r sin /?) sin a. 
Dividing equations (3) and (4) through by r, we have, as in § 63 : 




I. 
II. 



sin (a + P)=sinacosP-f-cosasinP, 
cos (a -f P) = cos a cos P — sin a sin p. 
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66. Extension to Angles of Any Size. The formulas (I) and 
(II), § 65, have been proved to hold when a and ft are any 
acute angles whatever ; the student may show by direct sub- 
stitution that they hold when either a or /?, or both, are zero. 

These formulas still hold when a and ft are any angles 
whatever (zero, positive, or negative, of any magnitude). For 
any particular case, they may be proved by projection as in 
§ 65. A general proof by mathematical induction follows. 

Lemma. II there are any two angles for which formulas I and II 
hold, then they will hold also for the angles obtained by increasing one or 
both these angles by 90°. 

Proof of the lemma : Let a = a, £ = b> be two angles for which I and 
II hold. We have to show : 

(1) sin (a + 90° + &)= sin (a + 90°) cos b + cos (a + 90°) sin b. 

(2) sin (a + b + 90°) = sin a cos (6 + 90°) + cos a sin (6 + 90°). 

(3) sin (a + 90° + b + 90°) = sin (a + 90°) cos (6 + 90°) 

+ cos (a + 90°) sin (6 + 90°). 
(V) cos (a + 90° + 6) = cos (a + 90°) cos b - sin (a + 90°) sin b. 
(2') cos (a + b + 90°) = cos a cos (b + 90°)- sin a sin (b + 90°). 
(30 cos (a + 90° + b + 90°) = cos (a + 90°) cos (6 + 90°) 

- sin (a + 90°) sin (b + 90°). 

These may all be verified by means of the relations of § 53, which have 
been proved to hold for all values of 0. Thus, to prove (1) : 

sin (a + 90° + b) = sin (90° + a + b) = cos (a + 6) 

= cos a cos b — sin a sin b. 
sin (a + 90°) cos b + cos (a + 90°) sin b = cos a cos 6 — sin a sin 6. 

Similarly we may prove 2, 3, 1', 2', 3' ; this establishes the lemma. 

We know that the formulas I and II hold for 0° <£ a < 90°, 0° ^ < 90° ; 
apply the lemma and we know that they hold for ^ a < 180°, 
0° ^ /8 < 180°. Apply the lemma to this result and we know that they 
hold for 0°^a<270°, 0°^/3<270°, apply the lemma to this result 
and we know that they hold for 0°^a<360°, 0°^/3<300°. That is, 
we have now proved that the two formulas I and II hold for all angles be- 
tween 0° and 360° (0° included). 

Next let c and d be any two angles whatever, zero, positive, or nega- 
tive ; then by § 41 there is an angle a^c, and an angle £ ^ d, where 
'a and are both between 0° and 360° (0° included). Then c +d ag a+p. 
Hence, since I and II hold for a and 0, and since the value of any trigono- 
metric function is the same for any two congruent angles, it follows that 
I and II hold for c and d. 

Q 
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EXERCISES XXVI.— ADDITION FORMULAS 

1. Given sin a = 3/5, sin = 5/13; find sin (a + 0). 

(a) When a and are both acute ; (b) when a and £ are both obtuse. 

2. Find sin (45° + x), cos(45°+x), sin (30° + x), cos (30° + x) in 
terms of sin x and cos x. 

3. Given that x and y are both obtuse angles and that sing =1/2, 
sin y = 1/3 ; find sin (x + y) and cos (a + y) . 

4. Use the addition formulas to express sin (90°+ a) and cos (90°+ a) 
in terms of sin a and cos a. 

5. Prove that sin (60° + x) — cos (30° + x) = sin a;. 

6. Express sin (a -j- £ + 0) in terms of sines and cosines of a, 0, 
and 0. 

[Hint. Let <j> = a + /3 and obtain sin ( 0+ 0); then replace by its 
value, a + £.] 

7. Express cos (a + £ + 0) in terms of sines and cosines of a, 0, 
and 0. 

8. Reduce the combination of two simple harmonic motions 5 cos t — 
12 sin t to the form r cos (t + 0) . 

9. Reduce 3 sin £ + 4 cos £ to the form r sin (£ -f 0). 

10. Reduce each of the following to the product of a number and the 
sine or the cosine of a single angle : 

(a) sin x — 2 cos x. (e) V3 cos x — sin x. 

(6) 3 cosy — 4 sin y. (/) sin y + .5 cosy. 

(c) 5 cos + 12 sin 0. (g) .7cos0 — sin0. 

(d) 3 sin £ — 3 cos t. (h) .55667 sin c -f- .6 cos c. 

11. Given two forces of intensities 2 and 3 that make angles of 30° 
and 120°, respectively, with the positive x-axis ; find the horizontal and 
the vertical components of their resultant without finding the resultant 
itself ; find the same quantities by using the resultant. 

12. Given the two simple harmonic motions x = 2 cos t and x = 6 sin t, 
find a single S. H. M. which represents their sum. Find its amplitude ; 
its phase-angle ; its phase. 

13. Express the S. H. M. x = 6 sin (t + 60°) as the sum of two 
S. H. M.'s whose phase-angle is 0° or 90°- 

14. Given .56 sin c + .5 cos c = — .34, find an angle 0, and a number r, 
such that .56 sin c + .5 cos c = r sin (c + 0), by means of § 63. Then, 
from r sin (c + 0)= — .34, find sin (c + 0), and therefore (from the 
Tables) find c + 0. Hence find c- 
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67. Functions of the Difference of two Angles. If <£ and \p are 
any two angles whatever, zero, positive, or negative, then for- 
mulas I, II, § 65 hold for a = <£, ft = — \p ; hence 

sin (<j> — {//) = sin <f> cos (— \fi) + cos <j> sin (— {//) 
= sin <j> cos i// — cos <f> sin \f/. 
Likewise, cos(<£ — $) =.cos <f> cos (— \fi) — sin <£ sin (— j/r) 

= cos <f> cos ^ -+- sin <£ sin j/r. 
Since <j> and ^ are any angles whate\&er, we have proved that 

III. sin (a - P) = sin a cos P — cos a sin P, 

IV. cos (a - P) = cos a cos P + sin a sin P, 

hold for any two angles whatever. 

68. Double Angles. Since formulas I and II, § 65, are true 
for all angles, they hold when « = a, any angle whatever, and 
ft = a, the same angle ; hence, 

sin (a + a)= sin a cos a -+- cos a sin a, 
and cos (a -f- a) = cos a cos a — sin a sin a. 

Therefore the following formulas hold for any angle what- 
ever : 

V. gin2a=2sinacosa; 

VI. cos 2 a = cos 2 a— sin 2 a; 

or, since sin 2 a + cos 2 a = 1, 

Via. cos2a = l-2sin 2 a = 2cos 2 a-l. 

69. Tangent of a Sum or of a Difference. Since formulas I 
and II hold for all values of a and ft, the formula 

sin (a -j- ft) __ sin a cos ft + cos a sin ft 
cos (a -f ft) cos a cos ft — sin a sin ft 
holds good for all values of a and ft except those which make 
cos (a + ft) = 0, i.e. except when a + ft s 90°, or 270°. For ex- 
ample, it does not hold for a = 57°, ft = 43°. 

Dividing both numerator and denominator by cos a cos ft, we 
obtain the formula 

VII. tan(«+P)=*^±**BJ_, 

1 -tan a tan p 

which holds for all angles a and ft such that a, ft, and a + ft 
have tangents. 
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Similarly from formulas III and IV, we obtain 

VIII. tan (a - P) = *■«-«■■», 

1-f tanatanP 

which holds for all angles a and ft such that a, /?, and a — j8 
have tangents. 

From formulas V and VI, we find 

IX. tan2tt= 2tapg , 

• l-tan 2 a 

which holds for every angle a such that a and 2 a have tan- 
gents. The same formula may be obtained directly from VII 
by putting a in place of /?. 

70. Applications. The formulas of this chapter are fre- 
quently used for reducing expressions whose values are to 
be calculated, to a form in which logarithms may be used 
conveniently. 

Example. Suppose the height of an object CD is to be determined 
and that it is not convenient to measure a base line bearing directly 

toward the base C. The following method is then 
sometimes employed. The angle of elevation a is 
measured from some convenient point A ; a line 
AB = d is then measured at right angles to the 
line AC ; finally the angle of elevation, ft, is ob- 
served from B. The height h can then be de- 
termined by solving a succession of triangles. 
^ With the aid of the formulas of this chapter it is 
° frequently possible in such cases to reduce the 
calculation to a single logarithmic computation. In the case just men- 
tioned we have 

BC = h ctn ft, AC = h ctn a, 

d 2 = Wf - AC 2 = ft 2 (ctn 2 ft - ctn 2 a) 

= 7* 2 (ctn ft — ctn a) (ctn ft + ctn a) 

__ . 2 (sin a cos ft— cos a sin ft) (sin a cos ft + cos a sin ft) . 
~ sin 2 a sin 2 ft ' 

hence, using formulas II and III, we have 

, d sin a sin ft ^ 

Vsin(a — ft)sin(a -f ft) 

Let the student show, by opening a book and studying the dihedral 
angle formed by two leaves, that a > ft. 
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EXERCISES XX VH. — SECONDARY FORMULAS— APPLICATIONS 

1. Find sin 16°, cos 16°, tan 15° from the known values of sin 30°, 
cos 80°, tan 30°, and sin 46°, cos 45°, tan 45°. [Hint. 16°=46 o -30°.] 

2. Find tan 76°, tan 106°, sin 166°, cos 265°. [Hint. 76° = 45° + 30°, 
etc.] 

3. Given sin 36° 52' = .6 ; find the sine, cosine, and tangent of 66° 
62' ; find sin 73° 44'. 

4. Given tan 26° 34' = .5 ; find sine, cosine, tangent of 71° 34' ; find 
tan 53° 8'. 

5. Given sin a = 5/13 and 90° < a < 180° ; cos p = 8/17 and 0° < p < 
90° ; find sin(a — £), cos(a — £), tan(a + 0), sin 2 a, cos 2 p. 

6. Given tan a = 15/8 and 0° < a <90° ; cos p = 4/6 and 270° < p < 
360° ; find sin(a — /3), cos(/8 - a), tan 2 a, cos 2/3. 

7. Given sin a = 1/3 and 0° < a < 180° ; find sin (136° - a) and 
tan 2 a. 

8. The angular elevation of an object from an upper window is ob- 
served to be a. The angular elevation from a point on the ground h feet 
directly beneath the window is p. Show that the height of the object is 
h sin p cos a -s- sin (£ — a). 

9. To determine the difference in elevation of two stations, a flagstaff 
of known height h is held at the upper of the two stations and the angles 
of elevation of its top and bottom are observed to be a and/3, respectively. 
Show that the difference in elevation of the two stations is h tan p -*- (tan 
a — tan p) ; reduce this expression to a form convenient for logarithmic 
computation. 

10. A tree leans directly toward two points of observation distant a and 
6, respectively, from its foot. The angles of elevation of the top of the 
tree from these two points are a and p. Show that the perpendicular 
height of the tree is (6 — a) -s- (cot p — cot a) ; reduce this expression to 
a form suitable for logarithmic computation. 

11. Prove that sin 3 a = sin a(3 — 4 sin 2 a) = sin a(4 cos 2 a — 1), and 
state for what values of a it holds. Use formulas I and II. 

12. Prove that cos 3 a = cos a(4 cos 2 a — 3) = cos a (1 — 4 sin 2 a), and 
state for what values of a it holds. Use formulas I and II. 

13. Prove that tan 3 a = 3 tan a -j- (1 — 3 tan 2 a) ; show that it holds 
for all values of a such that a and 3 a have tangents. 

14. Prove that sin (45°+ a) sin (46°— a) = \/2 cos 2 a for all values 
of a. 

15. Prove that sin (a + p) sin (a — p) = sin 2 a — sin 2 p for all values 
of a and p. 

16. Prove that cos (a + p) cos p -f sin (a + p) sin p = cos a. 
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71. Functions of Half-angles. The formulas 

cos 2 a -f- sin 2 a = 1 and cos 2 a — sin 2 a = cos 2 a 
are true for all values of a. If we subtract one of these from 
the other, and if we also add them, we obtain the formulas : 

(1) 2 sin 2 a = 1 — cos 2 a, (2) 2 cos 2 a = 1 + cos 2 a. 

These formulas are true for all values of a ; for a = a'/2 
they become 2 sin 2 (a'/2) = 1 — cos a! an d 2 cos 2 («'/ 2) = 1 -f- cos a r , 
or since these are true for all values of a\ we may write 

(3) ■!>. {a /2) = ±yj 1 -=f«, (4) co* (a/2)= ±N /l±p; 

which holds good for all values of a. The same formulas may 
be obtained from VI a by solving for sin (a'/2), or for cos (a'/2), 
after putting <x!/2 for a. 

From (3) and (4) we get by division 



(5) tan a/2 = ± yj± 



— cos a sin a 1 — cos a 



+ cos a 1 -f- cos a sin a 
which hold for all values of a except when a denominator 
vanishes. The ambiguity of sign of the radical is determined 
in a given case by the fact that tan (a/2) is positive or nega- 
tive according as a is or is not in the 1st or 2d quadrant. 

The relations between an angle and its half are frequently 
useful in problems that relate to a chord of a circle and the 
angle which it subtends at the center ; this occurs, for example, 
in laying out railroad curves where it is convenient to make 
measurements along chords of the curve. This is illustrated 
in some of the exercises below. The relations are also useful 
in simplifying trigonometric expressions and in adapting for- 
mulas to logarithmic computation. 

EXERCISES XXVni— HALF- ANGLE FORMULAS 

1. Find the sine, the cosine, and the tangent of 22° 30' from the 
known values of sin 45°, cos 46°, tan 45°. 

2. Find the sine, cosine, and tangent of 15°. 

3. Given that sin a = 4/5, and that a is an acute angle ; find sin (a/2) 
and tan (a/2). 

4. Given tan 26° 34' = 1/2 ; find tan 13° 17'. 

5. Given tan 36° 52' = 3/4 ; find sine, cosine, and tangent of 18° 26'. 
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6. If r denotes the radius of the circle in the accompanying figure, c 
a chord, and the angle which c subtends at the center ; show that 
sin (0/2) = c/(2r). 

7. In the figure, draw the line BD tangent to the 
circle, and AD perpendicular to BD from the opposite 
end of the chord BA. Show that (a) ZABD=0/2; 
(b) BD=AB cos (6/2) =2 r sin (0/2) cos (0/2) =r sin 0. 

8. Prove that tan (45° + a/2) = sec a + tan a, if 
tan a exists. 

9. Prove that tan (45° + a/2) tan(46° — a/2) = tan 46° if tan a exists. 

10. Prove that tan (a/2) + 2 sin 2 (a/2) cot a = sin a , if sin a =£ 0. 

11. Prove that tan(a/2) + cot (a/2) = 2 esc a, if sin a^O. 

12. Prove that [sin (a/2) + cos (a/2)] 2 =l + sin a for all values of a. 

13. Prove that 
[sin(a/2) - cos ( a/2)] 2 =1 -sin a for all values of a. 

14. In the figure, COA is a diameter of a circle 
of radius r ; AOP = a is any acute angle ; OOP = 
a/2, by geometry ; and PB is perpendicular to 
OA. Show that 

OB = r cos a, BP = r sin a, ,4i? = r vers a, 
GB = r(\ -fcosa), 

CP = VFS* + Cl? = r V2(l +cos a). 

15. From Ex. 14, show that the functions of a/2 can be read directly 
from the figure in the form : 




sin (a/2) = 



r sin a 



— cos a 



cos(a/2) = 



tan(a/2) = 



sin a 



r V2(l + cos a) 

1 + cos a 
V2(l +cosa) 

Vl — cos 2 a /l 



2 



-* 



+ cos a. 



— cos a 1 — cos a 



1 -f cos a 1 + cos a * 1 + cos a sin a 

16. If a numerical value of any function of a is given, all the other 
functions of a and of a/2 can be found geometrically from Ex. 14. Thus, 

if sin a = 4/5 is given, lay off OP = 6, BP- 4 ; then O B = V6 2 -4^ = 3. 

Hence, 0.8 = 8, AB=2\ and 
It follows that 



OP = v&F+BP* = V8 2 + 4 2 = vsa 
sin a = 4/5, cos a = 3/.5, tan a = 4/3, 



sin(a/2) = 4/ V80 = 1/ V5 = n/5/5, 

cos(a/2) = 8/V80 = 2/V5 = 2V5/6, 
tan (a/2) = 4/8 = 1/2. 
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17. Find the remaining functions of a and those of a/2 by means of 
Ex. 16, if cos a = 5/18 ; if tan a = 1/3. 

18. The remaining functions of (a/2) and those of a can be found 
when any function of a/2 is given from the figure of Ex. 14, by dropping 
a perpendicular from O to CP. Do this if tan (a/2) = 3/4. 

19. Show that the results of Exs. 14-15 hold also if a is obtuse. 

20. Since, in the figure of Ex. 14, by geometry BP 2 = CB • BA> show 
that (1 + cos a) vers a = sin 2 a. 

21. Derive trigonometric formulas from the geometric identities 
(Ex. 14): BPPA = Iff, BP . CP = Uff. 

72. Factor Formulas.. In adapting trigonometric formulas to 
logarithmic computation it is often desirable to express the 
sum (or difference) of two sines (or cosines) as the product of 
other functions. 

Example 1. Reduce sin 35° + sin 15° to the form 2 sin 25° cos 10°. 

iTo do this, set x + y = 35°, x — y = 15°, 

and solve for x and y : x — 25°, y = 10°. 

Then sin (x + y) = sin x cos y -j- cos x sin y, 

sin (x — y) = sin x cos y — cos x sin y ; 
whence, adding, sin (x + y) + sin (x — y) = 2 sin x cos y ; 
substituting x = 25°, y = 10°, we get sin 35° + sin 15° = 2 sin 25° cos 10°. 
This method is general. 

Example 2. Reduce sin s — sin (s — c) to a product, 
where s = (o -f b + c)/2. 

Let x + y = s, a; — y = s — c ; then x = (a + 6)/2, y = c/2, 
and sin (x + y) = sin x cos y -f cos x sin y, 

sin (x — y) = sin x cos y — cos x sin y ; 
subtracting sin (x -f y) — sin (x — y) = 2 cos x sin y, 

whence sin 8 — sin (« — c) = 2 cos [(a + 6)/2] sin (c/2). 

EXERCISES XXIX. — FACTORING 

1. Reduce each of the following forms to products : 

(a) sin 70° - sin 10°. (6) sin 70° + sin 50°. 

(c) sin 13° + sin 41°. (d) sin 34° - sin 19°. 

(e) cos 26° - cos 35°. (/) sin 43° + sin 28°. 

(g) cos 20° + cos 10°. (fc) cos 51° - sin 1 1°. 

,.. sin 15° + cos 45° ( .. sin 28° + sin 12° 

^ ; cos 45° - sin 15° " U) cos 28° + cos 12° * 

(k . sin 64° + sin 16° ( ~ sin 80° - sin 40° 

^ ; sin 64° - sin 16° * ^ } cos 40° - cos 80° ' 
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2. Prove that cos (x + y) 4- cos (as — y) = 2 cos a; cos y. 

3. Prove that cos (x + y) — cos (x — y) = — 2 sin as sin y. 

4. Prove that 

cos -4 + COS.B = 2 cos fL2l^ C os — — — 

2 2 

by substituting A — x-\-y^ 2? = x — y in Ex. 2. 

5. Prove by means of Ex. 3 that 



cos A — cos B = — 2 sin — — — 8 in 

2 



^L-5 



6. By the method of Example 1, § 72, show that 

A- B 



sin A + sin B = 2 sin A + B cos 

2 



2 



7. By the method of Example 2, § 72, show that 

sin ^1 — sin B = 2 cos ^ sin — — — . 

2 2 

a Prove smg + sin y = tan {(a x y)/2} cot {(a - y)/2}. 
sin x — sin y 

9. Prove C08X + C0S ^ = ctn {(x + y)/2} ctn {(a; - y)/2}. 
cos x — cos y 

10. Prove 8in * + 8in2tf = ctn (»/»). 

cos 9 — cos 2 9 

11. Prove 8i°(2 a; -3v) + 8 in3y = ^ ^ 

cos (2 x — 3 y) + cos 3 y 

12. sin (46° + x) + sin (46° - x) = v'2 cos x. 

13. sin 3 x + sin 6 x = 2 sin 4 x cos x. 

14. Ifa-\-b-\-c = 2s, show that 

(a) cos (6 — c) — cos a = 2 sin (s — 6) sin (* — c) ; 
(6) cos a — cos (6 + c) = 2 sin « sin (s — a) ; 
• v sin s — sin (s — c) _ tan (c/2) 



sin 8 + sin (s — c) tan {(a -f &)/2} 

15. The so-called "method of offsets" for laying 
out a circular track is illustrated in the adjoining figure. 
The track OAB is tangent at to OB f , and the dis- 
tances OA f , A'B', A' A, CB, are easily shown to be as 
marked in the figure, where a/2 = ZAOA' is half 
the angle at the center subtended by a 100 ft. chord. 

In practice, the line OA'B* is run, and A' and Bf 
marked. Show that B'B y the distance actually to be 
laid off from B\ is* 

B'B = A 1 A + CB = 200 sin a cos (a/2). 



r cioodnflfte) 
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CHAPTER VII 
TRIGONOMETRIC EQUATIONS INVERSE FUNCTIONS 
PART I. IDENTITIES AND EQUATIONS 

73. Identities in One Variable. The equation, 

a?-l=(3-l)(a> + l) 

is satisfied when any number whatever is substituted for a?; 
we say it is satisfied by all values of x. The equation 

(a*-l)/(a>- l) = a; + l 

is satisfied by all values of x except x = 1. The student may 
verify both of these statements for x = — 2, — 1, 1/2, 3/2, 2, 
etc. Similarly, the equation (1 -f x) (1 — 1/x) = (x — 1) (1 -f- l'/x) 
is satisfied by every value of x except a? = 0. The equation 
sin 2 x + cos 2 x = 1 is satisfied by every value of a?; and the equa- 
tion tan x cos x = sin a is satisfied by every value of x except 
#=an odd multiple of ± 90°. These are examples of identities : 
Two expressions involving an unknown letter are said to be identi- 
cally equal, or simply 9 identical, if they have the same value for 
every value of the unknown for which both are defined.* An 
equation whose sides are identically equal is called an identity. 

74. Elementary Identities. An identity is to be regarded as 
a declaration to be proved : thus 

cos 2 x = (cos x -f sin x) (cos x — sin x) 

declares that for every angle x the cosine of twice that angle 
is equal to the product of the sum and difference of its cosine 
and its sine ; this was proved in § 68. Among other identities 



* The trigonometric functions sin a; and cos x are defined for every value of 
x ; tana; and sec a;, however, are not defined for x = any odd multiple of 90°, 
while ctn x and esc x are not defined when x = any even multiple of 90°. See 
p. 61. It is assumed that values of the uu known exist for which both sides 
are defined. A similar definition holds for identities in several variables. 

90 
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that have been established are the Pythagorean relations, § 10, 
p. 16, the reciprocal relations, etc., § 6, p. 9. 

75. Identities in Two Variables. In Chapter VI we found : 

sin (a? -f- y) = sin x cos y -f- cos x sin y, 
cos (x -f- y) = cos x cos y — sin x sin y y 

for all values of x and y. These are identities in two variables. 

76. Illustrative Example. The truth of an identity is usually 
established by reducing both sides, either to the same expres- 
sion, or to two expressions which are known to be identical. 

Example 1. Prove that 1 — sin = cos 2 0/(1 + sin 0) is an identity. 

The right-hand side is not defined when 1 + sin = 0. The left-hand 
side has a value for every value of 0. We are to show, then, that the two 
sides of the equation have the same value for every value of except those 
that make 1 + sin = ; i.e. except when at 270°. To prove this we 
reduce the right-hand side to the left-hand side. Replace cos 2 by 
1 - sin 2 0, then cos 2 0/(1 + sin 0) = (1 - sin 2 0)/(l + sin 0) . Dividing the 
numerator by the denominator we obtain 1 — sin 0, which is the left-hand 
side of the given equation. This division is permissible if 1 + sin ^ 0. 

EXERCISES XXX. — TRIGONOMETRIC IDENTITIES 

Prove the truth of the following identities and state in each case the 
exceptional values of the variables, if any, for which one or both of the 
two sides are undefined. 

1. cos 4 — sin* x + 1 = 2 cos 2 x. 

2. cos 8 x + sin 8 x = (sin x 4- cos x)(l — sin x cos x). 

3. tan (45° + x) — tan (45° - x) = 2 tan 2 x. 

4. sin 2 x + sin 2 y = 2 sin (x + y) cos (x — y). 

5. tan x + ctn x = sec x esc x. 

6. sin 2 x — sin 2 y = 2 cos (se + y) sin (« — y). 

7. (sin x — cos x) (cos x — sin x) = sin 2 x — 1. 

8. 2 cos x sin y = sin (x + y) — sin (x — y). 

9. 2 sin a; cos y = sin (se + y) + sin (jc — y). 

10. (sec x — tan as) (1 + sin «) = cos x. 

11. sin 2 a: sec 2 a; = sec 2 as — 1. 

12. ( Vl + sin x - Vl - sin x) 2 = 4 sin 2 (z/2). 

13. (Vl+sinz+ Vl - sin x) 2 = 4 cos 2 (s/2). 

14. 2 cos a; cos y = cos (x — y) + cos (x + y) . 

15. 2 sin x sin y = cos (x — y) — cos (x + y). 
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16. sin 3 x = sin x(3 — 4 sin 2 x) = sinx(2cosx — l)(2cosx + 1). 

17. cos 3 x = cos x (4 cos 2 x — 3) = cosx(l — 2 sinx) (1 + 2 sin x). 

18. 1 + sin x — cos 2 x = tan x(cos x + sin 2 x). 

19. (1 + cos 2 x) tan as = sin 2 x. 

20. [sin (x/2) - cos (s/2)] 2 = 1 - sin x = 2 cos 2 (45° + a/2). 

21. [sin (x/2) - cos (x/2)] 2 = 1 + sin x = 2 cos 2 (45° - x/2). 

22. sec (46° - x/2) sec (45° + x/2) = 2 sec x. 
Prove that the following expressions are reciprocals : 

23. sec x + tan x and sec x — tan x. 

24. 1 — sin x and sec 2 a; + sec x tan x. 

25. 1 + cos x and esc 2 x — esc x ctn a. 

[Note. Two numbers are reciprocals if and only if their product is 4- 1 ; 
in Ex. 23 we must prove that (sec x + tan x) (sec x — tan x) = 1. Just as 
in any other identity, values of x for which either side is meaningless are 
excluded. Values of x that make either of the given expressions vanish 
must be excluded ; thus, in Ex. 24, 1 — sin x = when x s 90° ; and in 
Ex. 25, 1 + cos x = when x s 270°.] 

77. Conditional Equations. In the exercises of the preceding 
list it was frequently necessary to determine the values of x 
which would make a certain expression vanish. Thus in Exs. 
24-25, the equations 1 — sin x == 0, 1 + cos x = 0, etc., were 
considered. These are not identities, since it is clear that there 
are values of x in each case for which the left-hand side is de- 
fined and for which that side is different from zero. 

An equation in x which is not satisfied by all values of x for 
which each side is defined is called a conditional equation, or, 
when no ambiguity can arise, simply an equation. 

Examples- of conditional equations that are quite familiar are : 

(a) x 2 - 5 x + 6 = 0, 
which is satisfied by two and only two values of x : x = 2 and x = 3 ; 

(6) 8a?-12rf+6z = l, 
which is satisfied by one and only one value of x : x = 1/2 ; 

(c) 4 cos 4 x — sin 2 2 x = 2, 
which is satisfied by x = 45°, 135°, 226° 315°, and all angles congruent to 
any one of these. This last equation, therefore, has an infinite number* 
of solutions, but nevertheless it is not an identity, since there exist values 
of x for which the two sides have two definite values that are different 



* There are an infinite number of things in a class of things, if, when 
yon have counted out as many as yon please, still others remain. 
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The purpose of what follows is %o show how to find all * the solutions 
of certain simple forms of equations containing trigonometric functions of 
an unknown angle. 

Any equation that is not an identity is to be regarded, not as 
a declaration to be proved, but rather as a question to be in- 
vestigated and answered. Thus the equation, 

$x*-12x* + 6x = l 

implies the question, " Are there any values of x which make 
8^ — 12 a 2 +6 a? equal tol?" and the direction, "If so, find 
all of them." This is the meaning of the direction, " Solve 
the equation. " This point of view is very important. 

78. Illustrative Examples. The simplest trigonometric equa- 
tions are of the form 

sina>=l/2; cos x = — 4/5; tan a? = 5.3; 

ctn x = — 2 ; sec x = V2; esc x = — 4/3. 

The method of solving such equations is illustrated in the 
examples that follow : 

Example 1. Solve the equation sin x = 1/2. 

We know that x = 30° is a solution, and that any angle congruent to 
30° must be a solution : x = 30°, 760°, — 330°, etc. All these angles are 
included in the statement x ^ 30° ; but there are still other solutions, 
since we know that the sine of an angle is also the sine of its supplement ; 
the supplement of 30°, or 150°, must therefore be a solution, and hence 
all angles x such that x ^ 150° are solutions. We shall show presently 
that there are no others. 

Example 2. Solve the equation cos x = — 4/5. 

The value x = 143° 8' (approximately) is a solution, as may be verified 
by a table of cosines ; hence other solutions are x ^ 143° 8'. Are there 
still others ? 

Example 3. Solve the equation tan x = 1/3. 

From the tables an approximate solution is found to be x = 18° 26'. 
Hence other solutions are x ^ 18° 26'. Are there still others ? 

79. General Principles. A general method of solving such 
equations depends upon the following theorems : 



* We shall consider only real values of a, since in elementary work the trigo- 
nometric functions are not defined for imaginary values of the angle. 
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Theorem I. The equation sin x = *, where — 1 < 8 < 1, is satisfied by 
exactly two angles between 0° and 360°.* Every angle congruent to either 

of these is a solution, and conversely, every so- 
lution of the equation is congruent to one or 
the other of these angles. 

The following construction will indicate the 
method of solution of such an equation for any 
particular value of s. 

Draw a pair of coordinate axes and a unit 

circle whose center is at the origin. On the 

y-axis lay off OB = s (above if s > 0, below if 

8 < 0) ; draw through B a line parallel to the 

x-azis. This line cuts the circle in two and only two points, C and D 

Draw the radii OC and OB. Then the positive angles 

a = AOC, = AOB 

are two angles (and the only two angles between 0° and 360°) such that 

sin a = sin p = s. 
Every angle congruent to either of these has the same sine. Therefore 
every such angle is a solution of the given equation. 

Conversely, if any angle 7 is a solution, when placed upon the axes, its 
terminal side must fall either upon OC or OB since no other radius meets 
the circle at height *. Hence 7 must be congruent to a or to 0. 

Theorem II. The equation cos x = c, where — 1 < c < 1, has exactly 
two solutions between 0° and 360°. Every angle congruent to either of 
these two is a solution, and conversely, every 
solution is congruent to one or the other of them. 

To see this, draw a unit circle as for theorem I 
and lay off on the x-axis, OB = c (to the right if 
c > 0, to the left if c < 0); through B draw a line 
parallel to the y-axis ; this line meets the circle in 
two and only two points, C and B. The positive 
angles a = AOC, p= AOB are two angles (and 
the only angles between 0° and 360°), which satisfy 
the equation cos x = c. The student will easily 
see, as in theorem I, that all angles congruent to either of these are solu- 
tions, and that every solution is congruent to a or to 0. 

Theorem III. The equation tan x = t, where t is any real number, 
has exactly two solutions between 0° and 360°. Every angle congruent to 
either of these two is a solution, and conversely every solution is con- 
gruent to one or the other of these two angles. 




Fig. 70 



* In this chapter, by " between 0° and 360° " we shall mean 0° included and 
360° excluded ; i.e. " x between 0° and 360° " means O ^. a; < 360°. 
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To see this, draw a unit circle as in the previous 
theorems and draw the tangent TA V\ on this 
tangent lay off AB = t (upward if t> 0, down- 
ward if t < 0) ; through B draw a diameter ; 
this diameter meets the circle in two and only 
two points C and D. The positive angles 

a=zAOC, p = AOD 
are the only solutions of the equation tan x = t 
between 0° and 360°. The student may complete 
the demonstration as in the previous theorems. 




Fig. 71 



Theorem IV. The equation ctnx = is equivalent* to cosx = 0. 
The equations ctn x=. c,secx = c, esc x = c, where c =f=. 0, are equivalent, 

respectively \ to tanx = -, cosx = -, sinx=-- The proof, which is 

c c c 

almost obvious, is left to the student. 

80. Use of the Graph. A second method for solving the 
equation sin x = * is as follows : 

Plot the graph of sin x, on the y-axis lay off OA = s (above 
if s > 0, below if s < 0), and draw through O a line parallel to 
the ovaxis. If — 1 <s < 1, this line will cut the curve in points 
-Pi> Qu A> Q* etc., and the projections of these points on the 

i 




Fig. 72 

cc-axis determine the angles a ly fa <%, fa etc., which are solu- 
tions of the equation sin x = s. It is obvious that a x ^ a% 
Pi ^ fa etc. This method has an advantage over that shown 
on p. 94, in that it shows graphically more than the two solu- 
tions which lie between 0° and 360° ; the former method has, 
however, the advantage that it requires very much less time to 
make the construction accurately. 

This method can clearly be applied to any of the trigo- 
nometric functions. 



* Two equations are equivalent when every solution of either is a solution 
of the other also. 
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EXERCISES XXXI. — SIMPLE TRIGONOMETRIC EQUATIONS 

1. Solve the following equations by constructing a figure for each, 
(a) sin x = 2/5. (&) sin x = — 1/2. (c) sin x = — .8. 
(d) sin x = .866. (e) sinx = .48. (/) cosx = — 1/2. 
(g) cos x = .63. (h) cos x = V8/2. (i) sin a; = 0. 

( j) cos a; = 0. (&) sin x = 1. (1) cos x = 1. 

[Note. The equations (&) and (Z) are not included under theorems I 
and II, but the student can readily solve them by a similar method.] 

2. 2 sin 2 x + sin x = 1. 

[Hint. Solve this quadratic for sin x and apply theorem I.] 

3. (a) 2sin 2 x — 6sinx4-2 = 0. (6) 4cos 2 + 8cos0 = 5. 

4. (a) tan x = 1. (6) tan x = — 1/2. (c) tan x = 2. 
(d) tan x = — 2.6. (e) tan x = 5.3. (/) tan x = 0. 

5. (a) tan 2 x = 3. (6) tan 2 = 6 1/4. (c) tan 2 = 6 - 4 V2. 

6. (a) tan 2 0-4tan0+ 1 = 0. (6) 3tan 2 x-4V3tanx + 3=0. 

7. (a) ctnx = l/2. (6) ctnx=.73. (c) ctnx=— 1.31. 
(d) ctn x = 0. (e) 2 ctn 2 x — 3 ctn x + 1 = 0. 

8. (a) secx = 2. (6) secx = 3.1. (c) secx = 10.57. 

9. (a) cscx = 5.3. (6) csc« = 15. (c) esc x = 7.4. 

10. (a) sec 2 x — 3 sec x 4- 2 = 0. (6) sec 2 x = V2 sec x. 

11. (a) 2csc 2 x-6cscx + 2 = 0. (6) 2 esc 2 x = V3 esc x. 

81. Reduction of Equations to Standard Form. If a trigo- 
nometric equation contains more than one of the trigonometric 
functions, all but one can usually be eliminated ; the resulting 
equation may then be solved algebraically for the function 
which remains, as in Ex. 2, above; the solutions may then be 
found by the methods of § 79. 

Example 1. Solve the equation cos 2 1 — sin 2 1 = sin t. In this equa- 
tion cos 2 1 may be replaced by its equal 1 — sin 2 £; the equation then 
becomes a quadratic in sin t, viz. : 2 sin 2 1 + sin t — 1 = 0. This equation 
is equivalent to the given one ; i.e. every solution of either is a solution 
of the other. The solutions may now be found by factoring : 

(2sin«- l)(sin* + l) = 0. 
Hence we have either sin t + 1 = 0, whence sin t = — 1, and t a* 270° ; or 
else, 2 sin t - 1 = 0, whence sin t = 1/2, and t ^ 30° or t ^ 150°. There 
are no other solutions. 

The process of solving equations consists chiefly in replacing 
one equation by another (or by a set of others) which is equiv- 
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alent, and which is more easily solved; in carrying out the 
necessary transformations, use may be made of any identities 
previously proved.* Certain operations (for example, squar- 
ing both sides of an equation) yield a new equation which, 
though not equivalent to the original, has all the solutions of 
the original equation, and perhaps other solutions. If such a 
transformation is employed, every solution of the transformed 
equation must be tested by substitution in the given equation. 

Example 2. Solve the equation cos x — V3 sin x — 1 = 0. Substituting 
VI — cos 2 x for sin x, transposing the radical, squaring both sides, and 
collecting terms, we obtain 4 cos 2 x + 2 cos x — 2 = 0. The solutions of 
this equation are all included in the set x ag 60°, x ae 180°, x ^ 300°. By 
substitution in the given equation we see that it is not satisfied by any 
of the values x ^ 300° ; hence these are not solutions of the given equa- 
tion. Similarly, it is found that all the values x ^ 60° and x s 180°, do 
satisfy the given equation and these are therefore the values required. 

EXERCISES XXXII. - SOLUTION OP TRIGONOMETRIC EQUATIONS 

Solve completely the following equations : 

1. 2 sin 2 x — cos x = 1. 11. cos 2 * + 5 sin x = 7. 

2. cos 2 x = sin 2 x. 12. 2 sin 2 x + sin 2 2 a? = 2. 

3. cos 2 x + 5 sin x = 3. 13. 5 tan 2 x — 2 tana; = 1. 

4. cos 2 x — sin x = 1/2. 14. tan 2 x — 6 tan x + 4 = 0. 

5. 6sinx + 2cos 2 x = 5. 15. 2sec 2 + (tan 0)/S = 6. 

6. sec 2 x + tan x = 3. 16. 4sec 2 — 3 = 7 tan 2 0. 

7. 4 sec 2 x + tan x = 7. 17. tan x + 3 ctn x = 4. 

8. tan x + ctn x = 2. 18. ctn — 2 tan 6 = 1. 

9. sin x + 3 = esc x. 19. tan x + tan (x + 45°) = 2. 
10. sin 2 x cos x = sin x. 20. tan x + tan (x — 60°) = 4. 



* Attention is called to the fact that we need for this process only the fol- 
lowing rules of algebra : 

(1) The following changes in an equation lead to an equivalent equation : 
(a) transposition of terms, 

(6) multiplication (or division) of all the terms by the same constant =£ 0. 
[Changing the signs of all the terms is the same as multiplying by — 1.] 
(c) substituting for one expression, another identically equal to it. 

(2) If an equation is of the form A = (i.e. has all of its terms on the left- 
hand side), and if A can be factored into B x C so that the equation can be 
written BC = 0, then the equation A = 0i8 equivalent to the pair B = 0, C = 0. 

In (1) (c), and (2) make sure that the expressions used are defined through- 
out the range of values of the unknown in which we are interested. 
H 
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82. Special Methods of Solution. An equation of the form 
a sin x + b cos x = c, may be solved by the following device : 

Construct a right triangle whose sides are a and 
b and compute the hypotenuse h = Va 2 + b 2 , as 
in § 64, p. 79. Divide the given equation 
through by h and replace a/h and b/h by the 
appropriate function of one of the acute angles, 
a or ft, of the triangle. Then solve the equation as in § 79. 

Example 1. Solve the equation 3 sin x — 4 cos x — 2. 

Here the hypotenuse of the auxiliary triangle is 5 and the equation 
reduces to (3/5) sin *— (4/5) cos a; = 2/5, or sin a sin x— cos a cos * =2/5, 
whence cos (a + x)= —2/5, where a ^ 36° 52'. By theorem II, the com- 
plete solution of this equation is x + a ^ 113° 35' or x -f a ^ 246° 25' ; i.e. 
a: ^ 76° 43' or x g* 209° 38'. If we had employed the angle = 53° 08' 
instead of a, we should have obtained sin x cos /3 — cos x sin /3 = 2/5. 
Show that this equation leads to the values of x found above. 

Many equations can be solved by the following principles : 

(1) If sin a=sin ft, then a^fi, or a^l80°— /?; and conversely. 

(2) If cos a = cos p, then a ^ /?, or a ^ — /? ; and conversely. 

(3) If tan a= tan /3, then a ^ /?, or a »* 180°+/? ; and conversely, 
provided either a or ft has a tangent. 

Example 2. Solve the equation sin 5 = sin 2 0. 
By (1) either 5 ^ 2 ; i.e. 3 = ± w • 360°, and hence = ± n • 120° ; 
or, 5 a 180° -20; i.e. 70 = 180°± n . 360° and = (1 ± 2 n) 180°/7. 

Example 3. Solve the equation cos (6 0/6) = cos (0/3). 
By (2) either 5 0/6 ^ 0/3, whence = ± 2 n • 360° ; or 6 0/6 3s - 0/3, 
whence = ± (6/7) n • 360° = ± w . (308° 34' 17" 1/7). 

Example 4. Solve the equation tan 7 x = tan 3 as. 

By (3) either 7 x^Sx, whence 4 a; = n • 360°, that is, a; = n • 90° ; 
or 7 g 2* 3 a; + 180°, whence 4 as = 180° + n • 360° =(2n + 1)180°, that is, 
x = (2 n + 1)45°. All these results may therefore be written x = n • 45°. 
Of these values, those which make x an odd multiple of 90° must of course 
be excluded ; and the only solutions are x = n- 45°, provided n is any 
integer except twice an odd number. 

Example 5. Solve the equation esc 2 x = esc 5 x. 

Any solution of the equation sin 2 x = sin 5 x, except those that make 
sin 2 a; = sin 5 a; =0 are solutions of the given equation. Hence x= ± n • 120° 
are solutions, except when n is a multiple of 3 ; and x = ±(2m ± 1 )180°/7 
are solutions, except when 2 m + 1 is a multiple of 7. See Example 1. 
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S3. Graphical Methods. Any equation may be solved graphi- 
cally by plotting the graphs of the two sides on the same pair 
of axes; then the points of intersection of the two cnrves, 
when projected on the ataxia, will determine the solutions. 

Example 1. Solve graphically the equation sinse = sin ax. 




The graphical solution la shown In Fig. 74. The solutions between 
0° and 360" are «i = 0°, «j = 60°, « s = 180°, a, = 300*. 

EXERCISES XXXm. - SPECIAL METHODS — TRIGONOMETRIC 
EQUATIONS 
Solve each of the following equations. 

1. 2 sin* z + 3 cos i = 0. 

2. sin" x + oos x = 1. 



4. 2c< 



- 3 sin x cos x = 0, 



6. sin" x coax - 

7. Viicosx +sin!t= V2. 

8. V3sin3;-coaiB = V2. 

9. 5coax-2siux = 2. 

10. 6cosfl + 8sin0 = 9. 

11. 6(1 -Bint) = 2 cos*. 

12. ain(60 + t)=stna. 

13. sec s x-4ain".j; = 0. 

14. 4 sec" x = 9 tan" x. 



16. i 






16. tan»x = 



21. i 



.n2x. 



23. 3 tan(x - 15") = tan(x + 15°). 

24. sin(28°15'+x) = l.in55sin^ 

25. cos(18°80'-a;) = .342Binz. 

26. sin mx + sin nx = 0. 

27. cos mx + Bin nx = 0. 
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PART II. INVERSE FUNCTIONS — TRANSCENDENTAL 

EQUATIONS 

84. Inverse Functions. We have seen that the equation 

(1) sin x = y 

can be solved for x, if y is any number whatever between — 1 
and +1, and that there are an infinite number of solutions. 
Any one of these solutions is denoted by * 

(2) oc = arcsin y. 

Throughout this Chapter we shall suppose all angles measured 
in radians. Then (2) means that x is the number of radians 
in an angle (or arcf) whose sine is y; it is read "arc sine y" 
or " an angle whose sine is y." 

The expressions y = sin x y x =* arcsin y, are two aspects of 
one relation, just as are the two statements " A is the uncle 
of B " and " B is the nephew of A " ; either one implies the 
other ; both mean the same thing. 

Likewise arccos y denotes an angle whose cosine is y ; arc- 
tan^ denotes an angle whose tangent is y; etc. 

Whenever two quantities y and x are related in this dual 
manner, each is called the inverse of the other ; thus, if y = 
sin x, sin x is the inverse of arcsin y ; and conversely, arcsin y 
is the inverse of sin a?. Similarly, if y = cosx, cosx and arc- 
cos y are inverse to each other. An analogous notation is 
usual for tan x 9 and, indeed, for any function whatever. 

85. Graphical Representation of Inverse Functions. Since the 
equations 

(1) y = 8inx and x = arcsin y 

are equivalent, the same pairs of values of x and y which 
satisfy one of them satisfy the other. Hence either of these 
two equivalent equations is represented graphically by the 
curve drawn in §§ 55-56, p. 69. 

If we wish to study the arcsine function for its own sake, 



* The notation sin-i y also is used very frequently to denote arcsin y; it is 
necessary to notice carefully that sin _l y does not mean (sin y)~ l . 

t If the unit angle is a radian, and the unit length be taken for the radius 
of a circle, the numerical measure of an angle at the center is equal to the 
numerical measure of the length of the intercepted arc. See § 44, p. 56. 
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it is convenient and customary to think of it as plotted i; 
ordinary manner, with the equa- 
tion written in the form : 

(2) y = arcsin a:, [i.e. x = sin y] 

which differs from the preceding 
form only in the interchange of 
the letters x and y. It follows 
that the equation (L l ) is represented 
by the curve formed by interchang- 
ing the two axes * in Fig. 75. This 
t-urvc is shown in Fig. 76. It may 
also bo plotted by points from the 
equation x=^ siny, precisely ax in 
§§ 66-56. 

It is usual to say that the curve 
of Fig. 75 represents the sine func- 
tion, and that that of Fig. 76 rep- 
arcs me function. 



* This interchange of the x and y axes 
od any curve is equivalent to leaving the 
axes filed in space and rotating the curve 
through ISO" about a line through the 
origin that makes an angle of 45" with 
the j-axla. 
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INVERSE FUNCTIONS 




cither of the equations, 

(3) , = c 
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= arccos ?/] 



is represented by a graph of the 
form shown in Fig. 77, but if a; and 
y are interchanged, the equations 
become 



W 



= arccos;e, [i.e. *=siny] 



and the graph appears as in Fig. 78, 
which is identical with Fig. 77, ex- 
cept for interchange of x and y. 
It is usual to say that Fig. 78 rep- 
resents the arccosine function. 
The similar figure for 



[f.e. a: = arctanyj 



(5) y = tan x, 
and that for 

(6) y = arctan x, [i.e. x = tan y] 

are shown in Figs. 79 and 80, re- 
spectively. 

The curve of Fig. 80 is usually 
thought of as representing the 
arctangent function. 
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104 INVERSE FUNCTIONS [VII, § 86 

86. Principal Values. We have seen (§ 79, p. 94), and it is 
also immediately evident from Fig. 76, that there is one and 
only one angle a between — w/2 and + ir/2 * whose sine is x, if 
x lies between — 1 and + 1. We shall distinguish this one 
value from all other angles whose sine is x by capitalizing the 
initial letter A in the symbol arcsin ; thus arcsin x has many 
values, but Arcsin x has one and only one value a, if x is any 
given number between — 1 and + 1. We shall call this 
special value a(= Arcsin x) the principal value of arcsin #. 

Thus, if a; =1/2, Arcsin x =ir/6 ; if x = — 1/2, Arcsin x = — t/6 ; etc. 
In Fig. 76, if x is represented by OK, a vertical line through K meets 
the curve in one and only one point P between y = — t/2 and y= +t/2. 

Another value of arcsin x is (OB, Fig. 76) v — Arcsin x, 
which is obtained by subtracting the principal value from w, 
since sin (tt — a) = sin a = x. It follows that all* values of 
arcsin x are congruent either to Arcsin x or to w — Arcsin x ; 
that is, all values of arcsin x are contained in one or the other 
of the forms 

(1) Arcsin x ± 2 nir, or (v — Arcsin x) ± 2 nir, 

where n is a positive integer or zero.t 

For example, if x = 1/2, Arcsin x = t/6 ; but another value of arcsin x 
is ir — t/6 = 5 v/6 (OB, Fig. 76). All other values are given by the forms 
t/6 + 2 nir or 5 ir/6 ± 2 nir. Thus, t/6 + 2 ir = 13 ir/6 (OC, Fig. 76) 
and 5 ir/6 — 2 ir = — 7 t/6 are other values of arcsin x. 

Similarly, arccos x has one and only one value a between t 
and tt (see II, § 79, and OA, Fig. 78) if x lies between — 1 and 
-f- 1. This value will be denoted by Arccos x and will be 
called the principal value of arccos x. 

Another value of arccos x is — Arccos x (OB, Fig. 78) since 
cos (— a) = cos a = x. All values of arccos x are contained in 
one or the other of the forms : 



* That is, *"/2 radians, or a right angle. Here and throughout this Chap- 
ter, radian measure is to be understood. 

t Or, in one formula, arcsin x = Arcsin [(— 1)"*] + riv, n = 0, ± 1, ± 2, etc. 

% Notice that values of y between — v/2 and t/2 would not be enough to 
include all values of cos y. 
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(2) Arccos x ± 2 nw, or — Arccos x ± 2 rnr, 
where n is a positive integer or zero.* 

For example, Arccos (1/2) = *-/3 ; another value of arccos (1/2) is 

— ir/3 ; all others are given by ir/3 ± 2 mc or — *-/3 ± 2 nv. Thus, 

— ir/3 + 2 ir = 5 w/3 (see OC7, Fig. 78) is another value of arccos (1/2). 

Finally, arctan x has one and only one value a (= Arctan x) 
between — ir/2 and + w/2 ; and it will be called the principal 
value of arctan x. Another value of arctan x is ir + Arctan x, 
since tan (tt + a) = tan a = #. All values of arctan x are con- 
tained in one or the other of the forms : Arctan x ± 2 nw, or 
(7r -h Arctan x) ±2 mr, which are together equivalent to 

(3) Arctan x ± nw, 
where n is a po;'r ive integer or zero. 

Thus, Arctan V3 = v/6 ; but other values of arctan VS are v + *y6 
= 7 ir/6 and ir/6 — ir = - 5 ir/6. 

The principal values of the other inverse trigonometric func- 
tions are denoted by Arcctn x, Arcsec x, Arccsc x, etc., and are 
given in the following table : 



V * 


A resin as 


Arccos or 


Arctan a? 


Range of x 


- l<x< 4- 1 


-1<X< + 1 


All values 


Range of y 


- tt/2 to tt/2 


to ir 


— tt/2 to tt/2 


x positive 


1st Quad. 


1st Quad. 


1st Quad. 


x negative 


4th Quad. 


2d Quad. 


4th Quad. 


y = 


Arcctn a? 


Arcsec x 


Arccsc a? 


Range of x 


All values 


2C > 1 or/<- 1 


x > 1 or .r < — 1 


Range of y 


tO 7T 


tO 7T 


- tt/2 to ir/2 


x positive 


1st Quad. 


1st Quad. 


1st Quad. 


x negative 


2d Quad. 


2d Quad. 


4th Quad. 



* Or, in one formula, arccos x = Arccos [(— l) n a;] + nir, n = 0, ±1, ±2, etc 
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EXERCISES XXXIV. — INVERSE FUNCTIONS. GRAPHS 

1. Plot the- curve y = cos x from x = 0toac = irbya construction 

similar to that of §66, for 
y = sin x, except in this case 
lay off the equal arcs from 
the highest point on the 
unit circle. 

2. Plot the curve y= 
tan x for the range — v/2 < x < *-/2, making use of 
the construction shown in the annexed figure : CA 
is one scale unfc ; ACB is the angle x radians ; the 
ordinate of point B is tan x, 

3. On the graph of each of the following curves, mark in heavier ink 
the portion which corresponds to the principal value (see table above). 

(a) y = arcctn x ; (6) y = arcsec x ; (c) y = arccsc x. 

4. Prove each of the following relations : 

(a) Arcsin ( - 3/4) = - Arcsin (3/4). 

[This can be seen from the graph of Arcsin x ; proved as follows : 

Let a = Arcsin (— 3/4), then sin a = — 3/4 ; let /3 = Arcsin 3/4, then 
sin p = 3/4, where both a and /3 lie between — *-/2 and + *-/2. Now 
sin (— /3) = — sin /3 = — 3/4. . Hence sin a = sin (— /3) ; whence a = — £, 
i,e. Arcsin ( — 3/4) = — Arcsin 3/4. ] 

(6) Arcsin (— x) = — Arcsin x for — 1 < x < 1. 

(c) Arccos (— 2/5) = tt — Arccos (2/j). 

(d) Arccos (— x) = ir — Arccos x for — 1 <^ x <^ 1. 

(e) Arcsin 2/3 + Arccos 2/3 = w/2. 

(/) Arcsin x + Arccos x = t/2 for — 1 ^ x ^ 1. 

(g) Arctan (1/2) + Arcctn (1/2) = *-/2. 

(h) Arctan x + Arcctn x = ir/2 for all values of x. 

(i) Arcsin x = ± Arccos Vl — a: 2 , according as x > or x < 0. 

5. Show that Arctan x + Arctan y = Arctan ( x "*" ? ] , provided x 
and y are both between — 1 and + 1. \ — y / 

6. Arctan as = Arcsin x/Vl + x 2 for all values of x. 

7. Arctan 1/2 + Arctan 1/3 = a-/4. 

8. Arctan 1/4 + Arctan 1/13 = Arctan 1/3. 

9. Arctan 1/2 + Arctan 1/5 + Arctan 1/8 = *-/4. 

10. Arctan x + Arcctn (x + 1) = Arctan (se 2 + x + 1) for all x. 

11. Arccos 1/V2 — Arcsin 1/V5 = Arctan 1/3. 

12. Find the numerical values of the following : 

(a) cos (Arcsin 8/17). (6) tan (Arcsin 5/13). 

(c) tan (Arctan 4/3 — Arctan 1/7). 
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87. Transcendental Equations. Id §§ 77-83 equations occur 
which involve only trigonometric functions of the unknown. 
In equations which involve also algebraic or other functions, 
the unknown angle is generally measured in radians. The 
graphical method is usually the best. All such equations 
are called Transcendental Equations. 

Example 1. Solve the equation x = cos x. To solve this equation we 
must find a number x, such that the cosine of x radians is equal to the 
number x. Draw the graphs of the equations y — x and y = cos x ; the 
solution of the equation is the value of r at the point of intersection of 
the two graphs. There is clearly only one such point, and at that point 
x - .74, approximately ; a still n 
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EXERCISES XXXV.- TRANSCENDENTAL EQUATIONS 
Solve the following equations ; 

1. x-l=sin3;. 4. l/x=cos*. 7. 2* = sins. 

2. x+l=tana:. 5. logx = cos.r. 8. 10* = coax. 

3. l/x = sinx. 6. logx = sin;c 9. (2.7)« = sinx + i 
[Hint. Use logarithms to plot the curves y = 2*, etc.] 



CHAPTER VIII 
SPHERICAL TRIGONOMETRY 

PART I. SUMMARY OF GEOMETRIC THEOREMS 

88. Purpose. Spherical Trigonometry has for its primary 
purpose the determination of certain parts of a spherical tri- 
angle when other parts are known. This is accomplished by 
the use of the formulas of plane trigonometry and certain ele- 
mentary propositions of solid geometry. Several useful propo- 
sitions are collected here without proof for convenience in 
reference. 

89. Some Useful Propositions of Solid Geometry. (1) A sphere 
is the locus of points equidistant from a fixed point O called 
its center. The constant distance is called the radius, and 
will be denoted in all that follows by R. 

(2) If a sphere is cut by any plane, the intersection is a circle. 
If the plane passes through the center O, the radius r of the 
circle is equal to R, and the circle is called a great circle. 
Otherwise we have r<R, and the circle is called a small circle. 

(3) A line perpendicular to a plane is perpendicular to every 
line of the plane through the foot of the perpendicular. 

[We shall use also several other theorems regarding lines and planes 
that are practically self-evident.] 

(4) A line through the center O perpendicular to the plane 
of a given circle cuts the sphere in two points P and P 1 , which 
are called the poles of that circle. The line PP' is called the 
axis of that circle. 

For example, the north and south poles of the earth are the poles of 
the equator. 

(5) TJirotigh any two points A and B of a sphere there is at 

least one great circle, determined by the plane AOB; there is 

only one such great circle through A and B unless AOB is a 

straight liii'\ 
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(6) The shortest distance between the points A and B is the 
straight line which joins them, but this line does not lie on the 
sphere. The shortest line on the sphere joining A and B is 
the arc of a great circle ; hence we make the definition : 

The distance between two points on a sphere is the length of the 
arc (not greater than a semicircle) of a great circle which joins 
them. The unit distance on a sphere is the length of the arc of 
a great circle which subtends a unit angle at the center. When 
angles are measured in degrees, the unit distance is also called 
a degree. Hence the arc of a great circle and the angle which 
it subtends at the center have the same numerical measure. 

(7) The distance from the pole of any circle to a point on that 
circle is constant; for a great circle it is 90°, or one quadi'ant. 

(8) The angle between two planes is the 
angle between two lines AP and AQ in those 
planes perpendicular to their line of inter- 
section at the same point A, 

(9) The angle between two great circles on 
a sphere is the angle between their planes; 
hence it is equal to the angle between their 
tangents at the point of intersection, for 
the tangents are perpendicular to the di- 
ameter in which the planes intersect. 

(10) If two great circles meet at P and 
P', and if AB be another great circle whose 
pole is P, cutting the two given circles at 
A and B, respectively, then AOP=BOP= 
90° and angle AOB measures the angle between the two planes ; 
hence the angle between two great circles PA and PB is measured 
by the intercepted arc AB of a great circle whose pole is P. 

(11) Any two great circles bisect each other at their points of 
intersection. . 

(12) The portion of a sphere bounded by two great semi- 
circles is called a lune. 

The two angles of a bene are equal to each other; each of them 
is equal to the angle between the two great semicircles that bound 
the lune. 
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(13) The portion of a sphere bounded by arcs of three great 
circles is called a spherical triangle. The sides a, 6, c, are the 

lengths of the arcs ; the angles A, B, C, 
are the angles between the great circles 
of which the sides are arcs. 

(14) Any three distinct great circles 
that do not pass through a common 
point on the sphere divide the surface 
of the sphere into eight spherical tri- 
angles; none of these has an angle 
or a side greater than 180°. Hence we 
consider only such triangles. 

(15) The two triangles into which a lune AA! is divided 
by an arc BC of any third great circle are called co-lunar. 
The two angles at C are supplementary ; those at B are 
supplementary; those at A and A' are 
equal. Similarly AC + CA' = 180°, and 
AB + BA' = 180°. 

(16) Two spherical triangles are con- 
gruent (sometimes called equal) if they 
can be superposed; i.e. when the sides 
and angles of one are equal to those of 
the other and are arranged in the same 
order. If the parts of two triangles 
are equal, but are arranged in reverse 
order, the triangles are called symmetric. 

(17) A spherical triangle is determined when a sufficient 
number of parts are given so that one triangle on a sphere has 
these parts, and any other triangle on the same sphere that has 
the given parts is either congruent or symmetric to it. Thus 
a triangle is determined by (a) two sides and included angle ; 
(6) two angles and included side; (c) three sides; (d) three 
angles ; (e) (ambiguously) two sides and angle opposite one 
of them ; (/) (ambiguously) two angles and the side opposite 
one of them. 

(18) A right-angled spherical triangle is determined when 
any two parts besides the right angle are given, as in (17). 
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(19) In any spherical triangle ABC: 

(a) The sum of the sides is less than 360° (or 2 tt radians). 

(b) The sum of any two sides is greater than the third side. 
Hence any side is greater than the difference of the other two. 

(c) Equal sides lie opposite equal angles ; and conversely. 

(d) The greater of two unequal sides lies opposite the 
greater angle; and conversely. 

(e) The sum of the angles lies between 180° and 540° (or 
between it and 3w radians). The excess over 180° is called the 
spherical excess JE7 = ZA + Z B + Z (7-180° (or ZA + ZB 
+ ZC-2ir radians). Hence E < 360°. 

(One or two or all the angles may be right or obtuse ; if all are right 
angles, the triangle is called tri-rectangular.) 

(/) If the sum of any two angles, A and JB, is 180°, the sum 
of the two sides opposite them, a and b, is 180°.* 

(g) If the sum of two angles, A and B, is less (greater) than 
180°, the sum of the two sides opposite them, a and b, is less 
(greater) than 180°.t 

(h) Of the three pairs of sides and their opposite angles a 
and A, b and B, c and C, at least two pairs are either both 
acute, or both obtuse, or both right angles. t 

(20) Areas. The area A § of the entire sphere is 4 irW. 

(a) The area A of the entire sphere is four times the area of 
any great circle. 

(b) The area Ai of a lune is proportional to its angle a: Ai = 
(a/360) (4 irR i )=irR i a/90 if a is in degrees ; or A t =2 i^a if a 
is in* radians. 



* For, the co-lunar triangle (see (15)) formed by extending a and b is sym- 
metric (16) to ABC. 

t For, in the figure suggested in the preceding footnote, starting with 
A + B = a-\-b = 180°, if we let Z C and the point B remain fixed, but move A 
so as to increase a, the area of ABC increases. Hence A + B increases. [See 
(20) (d) .] It follows that A + B > 180° if a + b > 180° ; and conversely. 

| For, suppose a > 90° and A < 90° ; and suppose b and B are also in op- 
posite quadrants. Then b > 90° and B < 90°, by id) ; but this violates (g). 
Other cases of the theorem can be proved similarly. 

§ The black-faced type A is used to denote areas, to distinguish emphati 
cally from the angle A of the triangle ABC. 
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(c) The area of a tri-rectangular triangle is one eighth the 
area of the sphere, or irB?/2. 

(d) The area A t of a triangle is proportional to its spherical 
excess E ; by (c), since the excess for a tri-rectangular triangle 
is 90° or tt/2 radians, A t = wJR?E /180°, if E is in degrees; or 
A t = B?E, if E is in radians.* 

(21) The volume of a sphere is 4 irM 3 /3. 

(22) In any triangle ABC, mark the pole of c which lies on 
the same side of c as does C, and call it C ; and let A' be the 
corresponding pole of a, aud B 1 the corresponding pole of b* 
Then A'B'C is called the polar triangle to ABC. Conversely, 
ABC is itself polar to A'B'C 1 . 

(23) The sides of any spherical triangle are the supplements 
of the opposite angles of the polar triangle : 

A + a' = 180°, 
a +^'=180°, 
B + b' = 180°, 
6 + JB' = 180°, 
C + c f = 180°, 
c + C" = 180°. 
Thus, if the parts of a tri- 
angle are known, those of 
the polar triangle can be 
found, and conversely. 

(24) Any theorem that 
is true for all spherical tri- 
angles can be changed into 
a new theorem by applying 
it first to the polar triangle ; thus from " The sum of the angles 
of a spherical triangle is greater than 180°" follows "The 
sum of the sides of a spherical triangle is less than 360°." 

(25) It may be easier to replace a given triangle by its polar 
triangle before the missing parts are found : thus, if a triangle 
has one side equal to 90°, the polar triangle is right-angled. 
If the principles of polar triangles be remembered, there are really 
only three cases: viz., (a), (c), (e), of (17). 

* The formulas in 20 (b) and 20 (d) are simplest in radian measure. 
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PART II. FUNDAMENTAL PRINCIPLES OF SOLUTION 

90. Fundamental Laws. If a sufficient number of parts of 
a spherical triangle are given, the others can be found. We 
proceed to find methods for doing this. 

I. The Law of Cosines. Let ABC be a spherical triangle 
on a sphere whose center is O, in which at least two sides 
(b and c, say) are each less 
than 90°. The third side and 
the angles may have any mag- 
nitudes from 0° to 180°. 

At P, a point of OA, pass a 
plane perpendicular to OA 
cutting OO in Q and OB in 
B. Then, by the law of 
cosines in the plane triangles OQB and PQR, since Z QPB 
= ZAan&Z COB = a, 

(1) QS t =0^ t +OR 2 -20Q' Oleosa, 

Qi? = PQ 2 +RE? - 2 PQ • PR cos A. 

Equate these two values of QR 2 , and notice that we also have 

OQ 2 - PQ 1 = OP 2 = OK 2 - PS 2 , since OPQ= OP#= 90° ; then 

(2) 26P-20Q • ORcosa = -2 PQ- PR cos A. 




Transposing, and dividing by 2 OQ • OB, we have 

/«*\ ™ OP OP { PQ PR A 

(o) cosa = — — • — — H -^ . . cos A, 

w OQ OR OQ OR ' 



or, since 



OP/OQ = cos 6, PQ/OQ = sin 6, 

OP/ OR = cose, PR/ OR = sine, 

I. cos a = cos & cos c + sin & sin c cos -4. 

7%e cosine of any side of a spherical triangle is equal to the 

product of the cosines of the other two sides plus the product of 

the sines of those two sides into the cosine of their included angle. 

Compare this with the law of cosines for plane triangles, § 25. 

i 
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This result, called the law of cosines, is true in general for 
any side of any spherical triangle.* 

II. The Law of Sines. Let ABC be a spherical triangle in 
which at least two sides b and c and the angles opposite are 
each less than 90°. From P, a point of OA, drop PQ perpen- 
dicular to the plane BOC, and through PQ pass a plane PQR 
perpendicular to OC and a plane PQS perpendicular to OB ; 
then OR is perpendicular to PR and to QR, and OS is perpen- 
dicular to PS and QS. 

In the right triangles ORP 
and OSP, 

(1) PR = OP sin b 

and 

PS = OP sine. 

In the right triangles PQR 
and PQS, 

(2) PQ = PR sin C= PS sin B. 

Substituting these values from (1) in (2), we find : 

OP sin b sin C= OP sin c sin B 9 




* (1) The formula [I] has been proved when b < 90°, c < 90°. 
Logically, it remains to consider the following cases; it is shown below 
that each of them either reduces to this first case, or can be verified directly. 

(2) Suppose b < 90°, c = 90°. 

(a) If A < 90°, produce side b to D, making AD = 90°, and draw the arc BD. 
Apply P3 to the right triangle BCD, in which the sides BD(=ZA) and 
CD (= 90°— b) are each less than 90° [Case (1)]. 

(6) If A = 90°, then a = 90°, and the formula may be verified by substitution. 

(c) If A > 90°, produce sides a and c to E to form a lune ; the formula 
applies to the triangle A CE since CA < 90°, AE = 90°; and the included angle 
is less than 90° [Case (2 a)]. 

(3) Suppose b =-90°, c = 90°. Verify by substitution. 

(4) Suppose b < 90°, c > 90°. Produce sides a and c to D to form a lune. 
Apply the formula to side CD of the triangle ACD in which AC and AD are 
each less than 90 ° [Case (1)]. 

(5) Suppose b = 90°, c > 90°. Produce sides b and c to D to form a lune. 
Apply the formula to the triangle BCD in which BD <90°, CZ) = 90° 
[Case (2)]. 

(6) Suppose b > 90°, c > 90°. Produce sides b and c to D to form a lune. 
Apply the formula to the triangle BCD in which BD and CD are each less 
than 90° [Case (1)]. 
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whence 

I. sin ft/sin c = sin B/sin C. 

This result, called the law of sines, is true in general for 
any two sides and the angles opposite them in any spherical 
triangle ; * it may also be written symmetrically as follows : 

sin a sin b sin c 
sin A sin B sin C 
The sines of any two sides of any spherical triangle are to each 
other as the sines of the angles opposite them. Compare this 
result with the law of sines for plane triangles, § 24. 

91. Solution of Spherical Triangles. The law of cosines, the 
law of sines, and the properties of polar triangles are suffi- 
cient to solve all cases of spherical triangles, t 

Example 1. Two sides of a spherical triangle are a — 116° and b = 
102° and their included angle C is 129°. Solve the triangle. 

To find the third side, use the law of cosines 
cos c = cos a cos b + sin a sin b cos C 

= (- .43837)(- .20791) + (.89879)(.97815)(- .62932) =<=- .46213 
Therefore, c = 117° 31'.5 



* The general proof may be made as in the footnote on page 114 ; but it may 
be deduced from the law of cosines, which has been proved in all cases, as 
follows : 

cos a = cos b cos c — sin b sin c cos A. 

cos A = (cos a — cos b cos c) / (sin b sin c) . 

sin 2 A = \— cos 2 A = [sin 2 b sin 2 c — (cos a — cos b cos c) 2 ]/ (sin 2 b sin 2 c) . 

sin 2 b sin 2 c sin 2 A = (1 — cos 2 b) (1 — cos 2 c) — (cos a — cos b cos c) 2 . 

sin 6 sin c sin A . = Vl — cos 2 a — cos 2 6 — cos 2 c + 2 cos a cos 6 cos c. 
sin -4/sin a = Vl— cos 2 a— cos 2 6— cos 2 c+2 cos a cos b cos c/(sin a sin b sin c) . (1) 
Starting from cos b = cos c cos a + sin c sin a cos -4, we should obtain the same 
result for sin -B/sin b, by replacing a by 6, & by c, c by a, J. by 5, B by C, 
C by A. Likewise, by a second permutation of the letters, sin C/sin c has the 
same value. Therefore sin -4/sin a = sin 2?/sin 6 = sin C/sin c. 

t The expression " Solve a triangle " tacitly assumes that a sufficient 
number of parts of an actual spherical triangle are given. In spherical trigo- 
nometry, as in plane, a proposed problem may violate this assumption and 
there will be no solution. Thus, there is no plane triangle whose sides are 
14, 24, and 40. Likewise, there is no spherical triangle of which the sides are 
14°, 24°, and 40° ; nor one in which one angle is 72°, the side opposite it is 97°, 
and a second side is 84° (§ 92) . Such impossible problems give rise to contra- 
diction ; thus, the sine of some angle may be found to be greater than 1, which 
is absurd. Any triangle which can be constructed can be solved. 
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To find A use the law of sines, sin ^4/sin C = sin a/sin c, 

log sin = 9.89050-10 
log sin a = 9.96366- 10 
colog sin c = 0. 05211 
log sin A = 9.89627 - 10 
Hence, A = 51° 57'.3 or else A = 128° 2'. 7. In order to find which of 
these is correct, we may use the cosine law 

cos a = cos b cos c + sin b sin c cos A, 
and substitute crudely the approximate values : 

cos a = — .4, cos b = — .2, cos c = — .5, sin 6 = .7, sin c = .9, 
which can be quickly found from the table of p. 15, or from Table C ; 
this gives * 

_.4=(-.2)(— .5) + (.7)(.9)cos4, or .63 cos A =-.5. 

Without any further calculation whatever, we see that cos A is certainly 
negative ; hence A lies in the second quadrant and the correct one of the 
above values is A = 128° 2'. 7 

In a similar manner, show that B = 121° 0'.8 

Example 2. Given two angles and their included side : 

4 = 64°, J5 = 48°, c = 61°. 
To solve. this triangle, first compute the corresponding parts of the 
polar triangle [see (23), p. 112] ; they are 

a f = 116°, &' = 102°, C" = 129°. 
This is, in fact, the triangle solved in Example 1 ; hence 

c' = 117°31'.5, ^4' = 128°2'.7, B r = 121° 0'.8. 
Hence, the required parts of the original triangle are : 
C = 62°29'.5, a = 51° 57 '.3, b = 58° 59'.2. 

Example 3. Given three sides : a = 116°, b = 102°, c = 117° 31'.6. 
Find one angle, say A, by the cosine law : 

cos A = cosq - cos&CQ8C - (-.43837) - (—.20791) (-.46213) _ _ 6161g 
sin b sine (.97815) (.88681) ' ' 

whence -4=128° 2'.7. The remainder of the work may be done precisely 
as in Example 1 ; or B and O may be found as A was found. 

If the three angles are given, solve the polar triangle. There will be one 
and only one solution if the sum of the given angles is between 180° and 
540° ; otherwise, no solution. 



* It is better to use the cosine law, as here, only to determine in which 
quadrant A lies, since the sine law is adapted to logarithmic computation. 
The same fact may be derived from 19(c) and 19(7), P- HI ? f° r » since b < a, 
it follows that B < A, by 19(c) ; and since a + b > 180°, A + B > 180° by 19 
(</) ; hence A > 90°. It is usually a saving of time to use the cosine law, 
however, since that process is always successful. 
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92. Temporary Ambiguity. la Example .1, above, we found 
it convenient to use the cosine law to determine the quadrant 
in which A lies. A similar temporary ambiguity arises when- 
ever an angle (or side) is found by means of its sine ; it does 
not occur when it is found by its cosine or its tangent because 
the cosine and tangent are positive when the angle is in the 
first quadrant and negative when it is in the second quadrant. 
For this reason careful attention must be given to the signs of 
the various factors entering into the calculation of an un- 
known angle or side. In the case of an angle, such an am- 
biguity can be determined by means of the cosine law, as in 
Example 1 above, when the three sides are known. Inspection 
of that formula, or at most a rough mental or slide rule calcu- 
lation will be sufficient to determine the sign of the cosine. 
Other cases also may be decided by the cosine law, but it is 
often easier to apply (19), p. 111. 

Another rule which is often useful is the following : A side 
(angle) which differs more from 9(f than another side (angle) is 
in the same quadrant as its opposite angle (side).* 

93. The Ambiguous Cases. If two sides and an angle opposite 
one of them are given, the third side can be found by applying 
the law of cosines to the side opposite the given angle. This 
will determine one value, two values, or no value for the third 
side between 0° and 180° ; and accordingly, there will be one 
triangle, two triangles, or no triangle satisfying the given 
data. The other two angles can then be found by the law of 
sines and the temporary ambiguity determined as in § 92. 

Example 1. One angle of a spherical triangle is 130°, the side opposite 
is 70°, and a second side is 120°. Solve the triangle. 
To find c, apply the law of cosines in the form : 

cos a = cos b cos c + sin b sin c cos A, 



* These differences are taken without regard to sign. Suppose a differs 
more from 90° than does b or c ; then cos a is (numerically) greater than 
cos b cos c. But, by the cosine law, cos a — cos 6 cos c — sin o sin c cos <4, 
whence cos a and cos A must have like signs. The angles follow the same 
rule as the sides, since sin A > sin B > sin C if sin a > sin b > sin e. 
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or .34202 = (- .6) cos c +(.86602) sin c (- .64279), 

whence .56667 sin c + . 5 cos c = — .34202 

The left-hand side of this equation can be reduced, by the method ol 

§ 82, to the form 

h (sin c cos + cos c sin 0) = — -34202, 
where 

h = .74826 and = 41° 55'.9 
Hence 

55667 sin (c + 0) = sin c cos + cos c sin = — .4571 

■ Fw ' w c + = 207° 12', or c -J- = 332° 48' ; 

c = 165°16M, or c = 290°63'; 

the value c = 290° 53' is impossible, by (14), § 89 ; hence only one solu- 
tion exists in this example. By the law of sines determine B =£ 45° 64' .5, 
B = 134° 6'. 5 since it must be in the same quadrant as b. Similarly 
C = 168° 2'.2. 

Example 2. Given c = 40° 16', C = 52° 30', a = 47° 44'. 
To find b apply the law of cosines to side c. 

cos c = cos a cos b + sin a sin b cos C. 
.76304 = .67268 cos b + .74002 sin 6(.60876) 
.45047 sin b + .67258 cos b = .76304 
Placing ft(sin b cos $ -J- cos 6 sin 0) = .76304, 

we find h = .80950 and = 56° 11'.6 ; hence sin(6 + 0)= .94260, 
whence 6 + = 7O°29'.6 or b + = 109° 30' .4, 

and &i = 14° 18' b 2 = 53° 18'. 8. (Two solutions. ) 

By the law of sines find A 1 = 65° 16'.5, B x = 79° 52'.8, A 2 = 114° 43'.5, 
B 2 = 17° 37'.3. 

Example 3. Given b = 40 D , B = 50°, c = 60°. 

By the cosine law, .65567 sin a + .6 cos o = .76604 ; hence, 

sin (a +'$) = 1.2+, which is impossible. (No solution.) 

Example 4. Given a = 97°, ^4 = 72°, b = 84°. 

By the cosine law, .30723 sin c + .10453 cos c =— .1218? ; 
hence sin(c + 0) = - .37639, = 18° 47'.4, 

and c + = 202° 2'.9 or c + = 337° 67'. 1, 

but this gives no value for c between 0° and 180°. (No solution.) 

If two angles and the side opposite one of them are given f solve 
the polar triangle. There will be the same number o£ solu- 
tions of the given triangle as of the polar triangle. 
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94. Resume of Cases. To summarize, the cases are : 

Case I. Given two sides and the included angle : Use the co- 
sine law to find the third side ; then use the sine law to find 
the other angles, determining the correct quadrant by (19), 
p. Ill, or by means of the cosine law. See § 92. 

Case I p . (Polar of Case I.) Given two angles and the included 
side. Solve the polar triangle. 

Case II. Given three sides. Find one angle by the cosine 
law ; then proceed as in Case I. 

Case II p . (Polar of Case II.) Given three angles.* Solve the 
polar triangle. 

Case III. (A^M'yuous Case.) Given two sides and an angle 
opposite one of tltenc : Determine the third side by the cosine 
law, as in Example 1, p. 117, deciding the ambiguity as in 
Examples 1-4, § 93. Then proceed as in Case I. 

Case IIIp. (Polar of Case III.) Given two angles and a side 
opposite one of them.1f Solve the polar triangle. 

The student should note that we cannot construct a spherical 
triangle nor compute the lengths of its sides in ordinary linear 
units unless the radius of the sphere is given. 

EXERCISES XXXVI. - SPHERICAL TRIANGLES 

1. Solve each of the following triangles : 

(a) A = 100°, b = 65°, A = 96°. (/) A = 110°, B = 68°, c = 66°. 

(6) % a = 100°, b = 70°, A .= 80°. (g) a = 76°, b = 54°, c = 36°. 

(c) 4=75°, 5 = 85°, 6 = 94°. (ft) a =31°, 6=23°, c = 19°. 

(d) a = 104°, b = 64°, C = 99°. (i) A = 110°, B = 68°, C = 75°. 
(€) A = 140°, B = 99°, c = 60°. (j) A = 100°, B = 80°, C = 75°. 

2. Find the distance, in degrees, from St. Petersburg (lat. 60° N., 
Ion. 30° E.) to Hopedale (lat. 66° 30' N., Ion. 60° W.) and the angle which 
the arc joining the two places makes with the meridian through each. 

[Hint. Use the north pole for the third vertex of a triangle.] 



* This case does not arise in plane triangles, since a plane triangle is not 
determined by its three angles. 

t The corresponding case in the plane is not ambiguous because the sum of 
the angles of a plane triangle is precisely 180°. 
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3. Reduce the distance computed in Ex. 2 to miles, assuming that 
the radius B of the earth is 3966. mi. 

4. Find the distance, in degrees, from San Francisco (lat. 37° 48' N., 
Ion. 122° 28' W.) to Manila (lat. 14° 36'.5 N., 120° 58M E.). Express the 
same distance in miles. 

5. By means of the cosine law and the polar triangle, show that, for 
any triangle, 

cos A —— cos B cos C+ sin B sin C cos a. [Polar Cosine Law.] 



PART III. SPECIAL METHODS FOR RIGHT TRIANGLES 

95. Right Spherical Triangles. The methods of § 94 will 
solve all cases, including right triangles; but on account of 
their frequent occurrence and the simplicity of the formulas 
in case one angle is 90°, a separate treatment seems desirable. 

A right spherical triangle can be solved when any two of its 
parts (in addition to the right angle) are given ; in fact, if two 
parts are given, the other three parts can be computed in suc- 
cession from the given data. All possible 
cases are provided for in ten formulas which, 
. m for a reason to be explained presently, are 
b * collected into two groups. 

Let ABC be a spherical triangle, right- 
angled at (7; we shall call a and b its sides, c its hypotenuse, 
A and B its angles. The ten formulas are : 

Group I Group II 

1. sin a = sin c sin A. 6. sin a = tan b ctn J5. 

2. sin b = sin c sin B. 7. sin b = tan a ctn A. 

3. cos c = cos a cos 6. 8. cos c = ctn A ctn J5. 

4. cos A == cos a sin B. 9. cos A = ctn c tan b. 

5. cos B = cos b sin A. 10. cos B = ctn c tan a. 

To prove 1, 2, use law of sines; to prove 3, use law of 
cosines ; to prove 4, 5, apply the law of cosines to the polar 
triangle, remembering that & = 90°. To prove 6, substitute in 
1 the values of sin b and sin A from 2 and 5 ; similarly prove 
7, 8, 9, 10, by substituting in 2, 3, 4, 5. 
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96. Napier's Rules. The preceding formulas are simple, are 
adapted to the use of logarithms, and are easy to apply ; but 
there are so many of them that they become a burden to the 
memory. To avoid this difficulty an ingenious device was 
given by Napier, a Scotch mathematician (1550-1617) who 
invented logarithms and made important contributions to 
trigonometry. He states two rules which enable one to write 
down the particular formula needed in any given computation 
without attempting to remember the whole set of formulas. 

These two rules of Napier employ what are called " the Jive 
circular parts" of a right spherical triangle. These are as 
indicated in the diagram, Fig. 90, the two sides, the complement 
of the hypotenuse, and the complements of the two angles. The 
right angle is not counted and is not indicated on the diagram. 

If five objects are placed on a closed contour, e.g. five persons 
sitting at a round table, each has two neighbors which are 
adjacent, one on the right, the other on the left ; and the two 
remaining are nonadjacent or opposite. So on the diagram of 
the five circular parts of a right spherical triangle, if we select 
any one, there are two others which are adjacent and the re- 
maining two are opposite ; moreover, if any three are selected, 
one of these may always be chosen and called the middle part 
so that the other two are either both adjacent or both opposite. 
Napier's rules refer to these circular parts and are as follows : 

Rule 1. The sine of the middle part is equal to the product 
of the cosines of the opposite parts. 

Rule 2. The sine of the middle part is equal to the product 
of the tangents of the adjacent parts. 

These rules may be remembered by the alliteration of the 
first vowel in the words cosine and opposite, tangent and ad- 
jacent. When applied in succession to the five circular parts, 
rule 1 gives the formulas of group I; and rule 2, those of 
group II. 

To apply these rules to the solution of a right spherical tri- 
angle, use the diagram of the five circular parts; mark the 
given parts and the part to be found ; of these three choose the 
middle part (which may or may not be the unknown) and note 
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whether the other two are opposite or adjacent; then apply 
the appropriate rule to write down the formula, remembering 
CoB that; any function of the complement of an 
angle is the corresponding cofunction of the 
angle itself ; e.g. sin co c = cos c, tan co B = 





ctn B, cos co A = sin A, etc. 

Example 1. The hypotenuse c of a right spherical 
triangle is 124° 60' and the angle A is 37° 25'. Solve the triangle. 

To find a, mark co A, co c, and a ; a is the mid- ^oB 

die part and the others are opposite ; then as you 
say to yourself, " The sine of a is equal to the 
product of the cosines of co A and co c ; " write 
sin a = sin c sin A. 

Before beginning a computation by logarithms, 
attention must first be paid to the signs of the factors. They are here 
both positive, so we proceed to compute : 

log sin 124° 50' = 9.91425 - 10 
log sin 37° 25' = 9.78362 - 10 
log sin a =9.69787-10 

Since side a is in the same quadrant as its opposite angle, a = 29° 50'. 
To find b, mark co A, co c, and b ; co A is the middle part, the others 

are adjacent. Say, ' ' Sin co A is equal to the product 

c °!^ of tan co c and tan b ; " write cos A = ctn c tan &, 

+ 
whence tan b = cos A tan c. Cos A is positive, tan c 

is negative ; therefore, tan b is negative and b is in 
< Co )/ — t^ tne second quadrant. 

To make all the factors positive we change the 
signs of the negative factors and write the formula 

tan (180° - b) = cos A tan (180° - c), 

and compute as follows : 

log cos 37° 26' = 9.89995 - 10 
log tan 65° 10' = 0.15746 
log tan (180° - b) = 0.05741 

180° - b = 48° 46'.5, b = 131° 13'.5 

To find B, mark co A, co c, and co B ; co c is the middle part, the 
others are adjacent : 

+ 
cos c = ctn A ctn B, whence ctn B = cos c tan A. 
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Signs of the factors indicate that B is in the 2d quadrant ; changing signs 
of negative factors, the formula becomes 

ctn (180° - B) = cos (180° - c) tan A x CoB 

log cos 66° 10' = 9.75678 - 10 

log tan 87° 25' = 9.88367 - 10 

log ctn (180° - B) = 9.63045 - 10 

180° - B = 28° 7'.4, # = 156°62'.6 

97. Ambiguity. When an unknown part of a right spherical 
triangle is to be determined by its sine, the following state- 
ments are useful to determine whether the angle is in the first 
or second quadrant. 

1. An angle and the opposite side are always in the same 
quadrant, by (4), § 95, since sin B is surely positive. 

2. When the two sides are in the same quadrant, the 
hypotenuse is in the first quadrant ; when the two sides are in 
different quadrants, the hypotenuse is in the second quadrant ; 
and conversely. This follows from (3), § 95. 

3. Tlie Ambiguous Case. In case there are given one of the 
angles of a right spherical triangle and the side opposite, there 
are, always, two solutions which are colunar, except that if 
the given side is also 90°, the triangle is birectangular and the 
two solutions coincide. These facts are obvious geometrically, 
since the lune whose angle is the given angle is divided by the 
given side into two colunar triangles, either of which is a 
solution. 

In no other case, when two parts besides the right angle are 
given, is there more than one solution. 

98. Quadrantal and Isosceles Spherical Triangles. Aquadrantal 
spherical triangle is one that has one side equal to a quadrant 
or 90°. Such triangles are readily solved by means of their 
polar triangles, which are right angled. 

An isosceles spherical triangle may be divided into two 
symmetric right triangles by an arc perpendicular to the base 
through the vertex of the angle included between the equal 
sides. 
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EXERCISES XXXVII. -RIGHT SPHERICAL TRIANGLES 

1. Solve the following right spherical triangles : 



No. 


Hypotenuse 


Fibst Side 


Second Side 


Angle 

Opposite 

First Side 


Angle 

Opposite 

Second Side 


(a) 




48° 


72° 






(6) 




108° 






38° 


(c) 


78° 






46° 




(<0 








32° 


66° 


(«) 




70° 


108° 






(/) 


101° 16'.3 


115°42'.6 






• 


(9-) 




160° 




150° 




(A) 




156° 46'. 7 






80° 10'.6 


(0 








.60°47'.4 


67° 16'. 8 


0) 




116° 


16° 






(*) 


110°46'.3 






80' 10'.6 





2. Solve the following spherical triangles : 

(a) One side is 90°, and the angles adjacent are 72° 15' and 104° 26'. 

(6) The three sides are 125° 40', 90°, 115° 10'. 

(c) Two sides are 64° 20' and 90°, and the included angle is 57° 65'. 

(d) Two sides are each 80° 28', and the angles opposite are each 33° 20'. 

3. Quito is on the equator in longitude 78° 60' W. ; New York is in 
lat. 40° 43', Ion. 74° W. Find the distance between them and the angle 
that the arc connecting the two places makes with the meridian at each. 

4. The arc of the great circle connecting St. Petersburg and Hopedale 
(lat. 56° 30' N., Ion. 60° W.) is 44° 28' long and makes an angle of 45° 83' 
with the meridian through Hopedale. Find the distance from St. Peters- 
burg to St. Nicholas (lat. 34° 80' S., Ion. 60° W.) and the angle between 
the two arcs at St. Petersburg. 

5. Prove that in any quadrantal spherical triangle, if c denotes the 
quadrantal side, i.e. if c = 00°, then : 

(a) cos C 4- cos A cos B = cos c. 

(6) cos C + ctn a ctn b = cos c. 

(c) sin a cos B = cos b, sin b cos A — cos a. 

6. Prove that in any right spherical triangle, if C denotes the right 

angle ; then : 

sin a = cos c tan b tan A. 
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PART IV. SPECIAL LOGARITHMIC METHODS 

* 

99. Tangents of the Half-angles. When adapted to loga- 
rithmic computation, the law of cosines of spherical trigo- 
nometry yields two sets of formulas which are useful in the 
solution of triangles and are analogous to those of plane trigo- 
nometry given in §§ 26-27, pp. 34-36. 

Let ABC be a spherical triangle ; a small circle can be in- 
scribed in it as follows : draw arcs of great circles bisecting its 
angles ; these bisectors meet in some point P. 
This is the pole of the inscribed circle; for, 
from P draw arcs of great circles PL, PM, 
PN, perpendicular respectively to the sides 
BC=a, CA=b, AB=c. The right triangles 
PMA, PNA are symmetric, leaving the hy- 
potenuse and an angle of the one equal 
respectively to the hypotenuse and an angle 
of the other ; therefore PM= PN, and simi- 
larly each of these is equal to PL. Let r= PL = PM = PN, 
the polar distance of the inscribed circle. Also from the same 
symmetric triangle, AM = AN, BN= BL, and CL = CM; 
hence if we set 2s = a -f-6 + c, AN+BL+CL = s, whence 
AN=s — {BL -f CL) = s — a, and similarly, BL = s— b and 
CM = s — c. 

In the right triangle ANP, we have, by (6) § 95, or by 

Napier's Rule 2, 

sin AN= tan PN . ctn PAN, 

sin (« — a) = tan r ctn (A/2), 
and therefore 

(1) tan (A/2) = tan r/sin (a - a). 

Similarly from triangles BLP and CMP, 

(2) tan (B/2) = tan r/sin (* - 6). 

(3) tan (C/2) = tan r/sin (* - c). 

Compare these with (1) § 27, p. 36. 
Eliminate tan r from (1) and (2) by division : 
/a\ tan (A/2) = sin (s — b) 

K) tan (5/2) sin(*-a)' 
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Produce the sides AB and AC to form a lune, and apply (4) to 
the colunar triangle A'B'C : 

tan (A'/2) = sin (s' - V) 
tan(B'/2) sin(s'-a')' 

or, since s 1 = 180° — (s — a), s' — V = s — c, 
s' - a' = 180° - «, 




(*) 



tan (^4/2) _ sin (s — c) 
ctn(£/2)"~ 



Fig. 95 



whence 



sins 
Multiplying (4) and (5), we find 

tan 2 (A/2) = sin (a - 6) sin (s - c) 

sin s sin (s — a) 
__ sin (3 — a) sin (s — &) sin (s — c) . 
sin 2 (s — a) sin s ' 



(6) tap(^/2)= . / jBin(«-q)Bin(«--ft)Bin(«-«) < 

sm(«-a) ^ sins 



Comparing (1) and (6), we find 
(J) 



ton r _ J sfa (•-<») sin O - ft) sfa> O - <0 
* sin 8 



Compare this result with that of § 29, p. 39. 

Formulas (1), (2), (3), and (7) hold for all spherical triangles 
which have no side or angle greater than 180°. * 

100. The Law of Tangents, or Napier's Analogies. Let 
ABC be a spherical triangle; suppose A>B. Then at B, 
the smaller of the two angles, lay off angle ABA' = A. 
Apply formula (4) of § 99 to angles B 1 and O of the triangle 

A'B'C, 

tan (B'/2) = sin (V - cQ 

tan(<7'/2) sin (*'-&')' 

B' = A-B, C = 180°-C7, s' = (a + 6' 4- c ')/2 ; but since tri- 
angle A' AB is isosceles, c' = b + 6' ; hence V = (a + b)/2 + 6', 

* All these formulas can be deduced from the law of cosines by an alge- 
braic process without reference to any particular figure. See, for example, 
Chauvenet's Treatise on Spherical Trigonometry. 
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*' - V = (a + &)/2, s' - c' = (a - b)/2. Therefore 

tan[(^ - B)/2] = sin[( g - 6) /2] 
ctn(C/2) sinKa + fc)^]' 



or 



(1) 



tan ^ - B _ sln[(a - ft)/2] C 



If -4<22, the result is obviously 




tan 



B-A 



sm 



siu 



[( & -^)/ 2 1ctu^ 
[(6 + a)/2] 2' 



Fig. 96 



which comes to the same thing as (1). 

If A = B, then a = b and (1) is satisfied. Therefore, the 
formula holds for all cases, since (4) of § 99 does. 

Produce the sides AB and BC to form a lune, and apply 
formula (1) to the triangle A'B'C, colunar to ABC. 



tan 



A'-B' sin 




C^-^ctng. 
(a' + &')/ 2 ] 2 



2 sin 

Substitute 180° — A for A 1 , B for B\ and so on : 



ctn 



A -f .B __ cos 



cos 



[(a - b)/2] 2 ' 



Fig. 97 



or 

(2) 



^ + l? _co sC(q-ft)/2] c 
^ 2 -cos[(a + 6)/2] Ctn 2 



If we divide (1) by (2) we obtain a formula 

tan [(^ - £)/2] = tan[(q - 6)/2] 
tan [(^4 + J3)/2] tan [(a + 6)/2] ' 

which is analogous to the law of tangents for plane triangles. 

Formulas (1) and (2) are called Napier's Analogies. They 
furnish another proof of (19) (/) and (g), p. 111. 
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101. Solutions of Triangles by Logarithms. When two sides 
and the included angle are given (Case I of § 94), the other two 
angles can be found by Napier's Analogies, (1) and (2) of § 100, 
and then the third side can be found by the law of sines. 

Example 1. Assuming the radius of the earth to be 3956 miles, find 
the shortest distance from Seattle (lat. 47° N. Ion. 122° 20' W.) to Manila 

(lat. 14°35'.5 N., Ion. 120° 68M E.), and the di- 
rection of the course at each place. 

Take the north pole for the third vertex ; then 

m = 42° 24', s = 75° 24'.5 ; N= 116° 41' .9 
To find the angles at M and S, we write, since 
Fig. 98 * > m, 

tan^=-^ = 8in i:( g - w V 2 ]ctn^, [(1), § 100] 

2 sin[(* + ro)/2] 2 ' LV " * J 

tan^±^ = C08 [( g - m >/ 2 ] ctn^, [(2), § 100] 

2 cos[(* + m)/2] 2 ' LU ' 8 J 

(» - m)/2 = 16° 30'.2 (* + w)/2 = 68° 64'.2 N/2 = 58° 20'.9 
Arrange the computation so as to look up both sine and cosine of (*— ro)/2 
and (* + m)/2 at one reading : 

log sin 16° 30'.2 = 9.45334 - 10 
log ctn 58° 20'.9 = 9.78990 - 10 
colog sin 58° 54\2 = 0.06737 
log tan l(S- 3f)/2]= 99.31061 - 10 
(8- M)/2 =11°33'.3 

log cos 16° 30'.2 = 9.98174 - 10 

log ctn 68° 20'.9 = 9.78990 - 10 

colog cos 68° 54'.2 = 0.28694 

log tan l(S + M y2] = 0.05858 

(£.+ Jf)/2 =48°51'.2 

By addition and subtraction, 8 = 60° 24'.5, M = 37° 17'.9 

The course leaves Seattle going N. 60° 24 '.5 W. and arrives at Manila 
going S. 37° 17'.9 E. To find », use sin n/sin s = sin JV/sin 8 : 

log sin 75° 24'.5 = 9.98576 - 10 
log sin 116° 41'.9 = 9.95104 - 10 
colog sin 60° 24'.5 = 0.06069 

log sin n = 9.99749 - 10 
Hence either n = 83°51' or n = 96°9'. 

By the law of cosines, cosn = (.74) (.25)— (.67) (.97) (.45) approxi- 
mately ; hence cos n is negative ; therefore n = 96° 9'. 

Hence the length of the course in miles (to the nearest mile) is 
niri?/180 = 96. 15 x 3.1416 x 3956/180 = 6639. (Compute by logarithms.) 





a= 60°12M 




b = 116° 


44'.8 




c = 129° 


11'7 




2)296" 


8'.6 




8 = 148° 


4' .3 


8 


-a = 97° 


52'.2 


8 


-6 = 31° 


19'. 5 


8 


-c= 18° 


62'.6 


A/2 = 29° 32 


'.2 




.4 = 59° 4 


\4 
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Case II. When the three sides are given (Case II of § 94), the 
angles can be found by the half -angle formulas of § 99. 

Illustrative Example. The face angles of a trihedral angle are 
60° 12M, 116° 44'.8, 129° 11'.7 ; find the dihedral angles. 

log sin (s - a) = 9.99589 - 10 

log sin (s - b) = 9.71591 - 10 

log sin (s - c) = 9.50992 - 10 

colog sin s = 0.27666 

2 )19.49838-20 
log tan r = 9.74919 -10 
log tan (4/2) = 9.75330 - 10 
log tan (B/2) = 0.03328 
log tan (C/2) =0.23927 

B/2 = 47°ll'.6 C/2 = 60°2'.4 

B = 94°23'.2 C=120°4'.8 

Case III. When two sides and tfie angle opposite one of them 
are given (Case III of § 94), first find the angle opposite the 
other given side by the law of sines, and determine the number 
of solutions (see § 93). Use one of Napier's Analogies to find 
the third angle, and the law of sines to find the third side. 

Example 1. One angle of a spherical triangle is 103° 40', the side 
opposite is 56° 40', and another side is 30° 50'. Solve the triangle. 
Let C = 103° 40', c = 56° 40', b = 30° 50' ; to find B y use law of sines : 

sin 2?/sin C = sin 6/sin c 
log sin 103° 40' = 9.98753 - 10 
log sin 30° 50' = 9.70973 - 10 
colog sin 66° 40' = 0.07806 

log sin B = 9.77532 - 10 
Therefore, since by § 92, b and B must be in the same quadrant, we 
have B = 36° 35' .5, and there is only one solution. 

To find A use one of Napier' s Analogies, say (1) of § 100 : 

ctn ^ = sJH.[(c + &)/2] tan g^g 
2 sin[(c-6)/2] 2 

(c + 6)/2 = 43° 45', (c - 6)/2 = 12° 56', (C - B)/2 = 33° 32.'2 

log sin 43° 45' = 9.83960 - 10 

log tan 33° 32'.2 = 9.82139 - 10 

colog sin 12° 55' = 0.66066 4/2 = 25° 59'.9 

log ctn (A/2) = 0.31185 A = 51° 59'.9 

Finally, from sin a/sin c = sin A /sin C, we find 

log sin a = 9.83093 - 10 ; hence, 

since a and A must be in the same quadrant, a = 32° 39M. 

K 
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EXERCISES XXXVm. — SOLUTION BY LOGARITHMIC METHODS 

Solve the following spherical triangles : 



No. 


a 


b 


e 


A 


B 


C 


1 


30° 20' 


46° 80' 




36° 40' 




„ 


2 




147° 6' 






110° 10' 


100° 


3 


130° 








M° 




4 


116° 10' 


126° 20' 


70° 30' 








5 


70° 


80° 


170° 


• 






6 


109° 20' 




82° 


107° 40' 






7 








56° 32' 


69° 7' 


78° 68' 


8 


93° 20' 




56° 30' 




74° 40' 




9 






74° 20' 


67° 30' 


45° 50' 




10 




40° 35' 




51° 68' 




83° 64' 


11 


28° 48' 


98° 10' 


80° 12' 








12 






127° 




132° 


140° 


13 


75° 


120° 








146° 


14 


62° 20' 


54° 10' 


97° 50' 








15 




100° 


65° 


96° 






16 




40° 40' 




31° 40' 




122° 20' 


17 






42° 


51° 58' 


88° 64' 




18 


40° 


118° 20' 




29° 40' 






19 


130° 








56° 25' 


44° 58' 


20 


78° 








56° 25' 


44° .58' 


21 




99° 40' 


64° 20' 




96° 40' 




22 




43° 18' 


19° 24' 


74° 22' 






23 


47° 15' 




42° 46' 






66° 30' 



24. Find one of the dihedral angles of a regular tetrahedron. 
[Hint. Each face of a regular tetrahedron is an equilateral triangle.] 

25. Find one of the dihedral angles of a regular dodecahedron. 

26. The dihedrals of a trihedral angle are 60° 63', 60° 53', 66° 50'. Find 
the face angles. 

27. Two face angles of a trihedral angle are 96° 24 / and 68° 27' ; the 
dihedral between these faces is 84° 40'. Find the other face angle. 

28. Find the shortest distance from Sandy Hook (lat. 40° N., 
Ion. 74° W.) to Gibraltar (lat. 36°6'.4 N., Ion. 6°20'.9 E.) and the direc- 
tion of the course of each place. 

29. Find the distance from San Francisco (lat. 87°48',N., Ion. 122° 
28' W.) to Hong Kong (lat. 22° 17' N., Ion. 114° 10' E.) and the direction 
of the course at each place. 
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102. Area of Spherical Triangles. A spherical degree is 1/720 
of the surface of the sphere. Thus, the area of a lune whose 
angle is 1° is two spherical degrees. The area of a birectangu- 
lar triangle whose third angle is 1° is one spherical degree. 

The spherical excess, E, of a triangle is the excess of the sum 
of its angles over two right angles. (See (19) and (20), § 89.) 
It is proved in geometry that the area of the entire surface of a 
sphere is 4 irr 2 , and that the number of spherical degrees in the 
area,>i f of a triangle is equal to its- spherical excess* There- 
fore if E denotes the spherical excess of a triangle and It the 
radius of the sphere, then the area A t of the triangle is 

(1) A t = wB*E /180, 

if E denotes the number of degrees in the spherical excess - y or 

(2) A t = B*E, 

if E denotes the number of radians in the spherical excess. 
(See (20), § 89.) We can therefore compute the area of a 
spherical triangle as soon as we know its angles. 

Example. Find the area of a triangle whose angles are 94° 30', 116° 25', 
72° 20', on a sphere of radius 60 ft. 

E = 103°.26 ; At = 3.1416 x g x 103.25. 

log 3. 1416 = 0.49715 
2 log 50 = 8.39794 
log 103.25 = 2.01389 
colog 180 = 7.74473 - 10 

log A t = 3.65371 At = 4505.2. 

If a triangle is given by means of other parts than the angles, 
the angles may be computed by the preceding methods and the 
spherical excess E can be found as above. Spherical formulas 
are sometimes given for direct computation of E without first 
finding the angles.* 



* Thus, if two sides and the included angle are given, say a, 6, and C, then 

tan 4R= tan j a tan \ b sin C # 
1 + tan J a tan i b cos C 
If the three sides are given, 

tan i J5 = Vtani« tani (* — a) tani (« — b) tan* (« — c). 
For proof of these formulas, consult, e.g., Chauvenet, Treatise on Spherical 
Trigonometry. 
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EXERCISES XXXIX. — AREAS OF SPHERICAL TRIANGLES 

1. Find the areas of the following spherical triangles : 



No. 


a 


b 


e * 


A 


B 


C 


Radius 
ok Spiierr 


(a) 








64° 48' 


40° 24' 


120° 46' 


1000 ft. 


(6) 








86° 30' 


64° 46' 


63° 12' 


760 m. 


(«) 


43° 30' 


72° 24' 


87° 60' 








100 m. 


(<*) 




73° 68' 


38° 46' 


46° 33' 






20 mi. 


(e) 






120° 10' 


65° 13' 


49° 27' 




36 yd. 


(/) 


18* 12' 




90° 




74° 46' 




40 rd. 


(?) 






90° 


110° 48' 


136° 36' 




200 ft. 


W 


•108° 14 


75° 29' 


56° 37' 








600 ft. 


(0 


132° 14'.2 




97° 13'. 1 


• 


81° 68'.9 




2.3 mi. 


CO 


88° 12' 




69° 4' 




132° 18' 




30 mi. 



2. Find the area of a trirectangular triangle on the earth's surface. 
(Radius = 3956 mi.) 

3. Find the area on the earth's surface of a birectangular triangle 
whose third angle is 21°. 

4. Find the third angle of a birectangular triangle on the earth's sur- 
face whose area is 10,000 sq. mi. 

5. Find the area of a triangle whose vertices are San Francisco (lat. 
37° 48' N., Ion. 122° 28' W.), Seattle (lat. 47° 36' N., Ion. 122° 20' W.), and 
Manila (lat. 14°36'.5N., Ion. 120° 68'. IE.). 

6. If a survey of a triangle is made on the earth's surface, a map 
drawn from it on plane paper will not check precisely. If the area sur- 
veyed is less than one thousand square miles, show that the discrepancy 
in the sum of the angles of any triangle in it is less than 14". 

7. Show that in general the discrepancy, in seconds, on a plane map 
of the earth of any triangle whose area in square miles is At is less than 
.01316 x A t (seconds). 

8. If the angles must check on a map to within one second in any tri- 
angle, how large an area can be safely surveyed on the assumption that 
the earth is a plane ? 
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EXPLANATION OF THE TABLES* 

TABLE I. FIVE-PLACE COMMON LOGARITHMS OF 

NUMBERS FROM 1 TO 10 000 



1 . Powers of 10. Consider the following table of values of powers of 10: 



Column A 




Column B 


Column A 




Column B 


101 


= 


10 


10° 


= 


1. 


10 2 


= 


100 


io-i 


= 


.1 


10 8 


= 


1000 


10-2 


= 


.01 


10* 


= 


10000 


10- 8 


= 


.001 


10 6 


= 


100000 


10-4 


= 


.0001 


10 6 


= 


1000000 


10-5 


= 


.00001 


107 


= 


10000000 


10-6 


= 


.000001 


108 


= 


100000000 


10-7 


= 


.0000001 


10 9 


= 


1000000000 


10-8 


= 


.00000001 


10"> 


= 


10000000000 


10-» 


= 


.000000001 



This table may be used for multiplying or dividing powers of 10, by 
means of the rules 10° • 10* = 10»+ 6 , 10* -r 10* = 10*-*. Thus, to multiply 
1000 by 100,000, add the exponent of 10 in column A opposite 1000 to the 
exponent of 10 opposite 100,000 : 3+5=8; and look for the number in 
column B opposite 10 8 , i.e. 100,000,000. Similarly 1,000,000 x .0001 = 100, 
since 6 + (- 4) = 2. 

To divide 1,000,000 by 100, from the exponent of 10 opposite 1,000,000 
subtract the exponent of 10 opposite 100 ; 6 — 2 = 4; and look for the 
number opposite 10*, i.e. 10,000. Similarly .001-^-1, 000,000 =.000000001, 
since — 3 — 6 = — 9. To find the 4th power of 100, multiply the exponent 
of 10 opposite 100 by 4 : 4x2 = 8, and look for the number opposite 10 8 , 
i.e. 100,000,000. Likewise (.001 )« = .000000001, since 3 x (- 3) =- 9. 
To find the cube root of 1,000,000,000, divide the exponent of 10 opposite 
1,000,000,000 by 3, 9 -5- 3 = 3, and look for the number opposite 10 8 . 



* This Explanation, written to accompany the five-place tables, may be used also for the 
four-place tables by omitting the last figure in each example in a manner obvious to the 
teacher. 
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2. Common Logarithms. The exponent of 10 in any row of column A 
is called the common logarithm * of the number opposite in column B ; 
thus log 10 = 1, log 100 = 2, log 1000 = 3, etc.; log 1 = 0, log .1 =— 1 j 
log .01 = —2, log .001 =—3, etc. In general, if 10* = n, I is called the 
common logarithm of ft, and is denoted by log n. 

3. Fundamental Principles. Logarithms are useful in reducing the 
labor of performing a series of operations of multiplication, division, 
raising to powers, extracting roots, as above ; they have no necessary 
connection with trigonometry, since all the operations could be performed 
without them ; but they are a great labor-saving device in arithmetical 
computations. They do not apply to addition and subtraction. 

The principles of their application are stated as follows : 

I. The logarithm of a product is equal to the sum of the logarithms of 
the factors : log ab = log a + log b. This follows from the fact that if 
10* = a and 10^ = 6, 10*+^ = a • b. In brief : to multiply, add logarithms. 

II. The logarithm of a fraction is equal to the difference obtained by 
subtracting the logarithm of the denominator from the logarithm of the 
numerator : log (a/6) = log a — log 6. For, if 10* = a and 10^ = b, then 
10*-£ = a _j. 0t i^ Dr j e f . % divide, subtract logarithms. 

III. The logarithm of a power is equal to the logarithm of the base 
multiplied by the exponent of the power : log a h = b log a. This follows 
from the the fact that if 10* = a, then 10** = a*. 

IV. The logarithm of a root of a number is found by dividing the logo- 



b/- 



rithm of the number by the index of the root : log y/a = (log a)/6. This 
follows from the fact that if 10* = a, then 10V* = a 1 /* = Va. 

Corollary of II. The logarithm of the reciprocal of a number is the 
negative of the logarithm of the number: log (1/a) = — loga, since 
log 1=0. 

4. Characteristic and Mantissa. It is shown in algebra that every 
real positive number has a real common logarithm, and that if a and b 
are any two real positive numbers such that a < 6, then log a < log b. 
Neither zero nor any negative number has a real logarithm. 

An inspection of the following table, which is a restatement of a part 



a 


1 



10 


100 


1000 


10000 


100000 


1000000 


10000000 


loga 


1 


2 


3 


4 


5 


6 


7 



* Common logarithms are exponents of the base 10 ; other systems of logarithms have 
bases different from 10 ; Napierian logarithms (see Table VII, p. 112) have a base denoted by 
«, an irrational number whose value is approximately 2.71828. When it is necessary to call 
attention to the base, the expression log 10 n will mean common logarithm of n ; loge n will 
mean the Napierian logarithm, etc. ; but in this book log n denotes log 10 n unless otherwise 
explicitly stated. 
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of the table of § 1, p. y, shows that 
the logarithm of every number between 1 and 10 is a proper fraction, 
the logarithm of every number between 10 and 100 is 1 + a fraction, 
the logarithm of every number between 100 and 1000 is 2 + a fraction ; 
and so on. It is evident that the logarithm of every number (not an 
exact power of 10) consists of a whole number -f a fraction (usually 
written as a decimal). The whole number is called the characteristic; 
the decimal is called the mantissa. The characteristic of the logarithm 
of any number greater than 1 may be determined as follows : 

Rule I. The characteristic of any number greater than 1 is one less 
than the number of digits before the decimal point. 
The following table, which is taken from § 1, p. v, shows that 



a 


.0000001 


.000001 


.00001 


.0001 


.001 


.01 


.1 


1 


log a 


-7 


-6 


-6 


-4 


-3 


-2 


-1 






the logarithm of every number between .1 and 1 is — 1 + a fraction, 
the logarithm of every number between .01 and .1 is — 2 + a fraction, 
the logarithm of every number between .001 and .01 is — 3 + a fraction ; 
and so on. 

Thus the characteristic of every number between and 1 is a negative 
whole number ; there is a great practical advantage, however, in comput- 
ing, to write these characteristics as follows : — 1 = 9 — 10, — 2 = 8 — 10, 
— 3 = 7 — 10, etc. E.g. the logarithm of .562 is - 1 + .74974, but this 
should be written 9.74974 — 10 ; and similarly for all numbers less than 1. 
Rule II. The characteristic of a number less than 1 is found by sub- 
tracting from 9 the number of ciphers between the decimal point and the 
first significant digit, and uniting — 10 after the result. 

Thus, the characteristic of log 845 is 2 by Rule I ; the characteristic of 
log 84.5 is 1 by (I) ; of log 8.45 is by (I) ; of log .845 is 9 - 10 by (II) ; 
of log. 0845 is 8 - 10 by (II). 
An important consequence of what precedes is the following : 
To move the decimal point in a given number one place to the right is 
equivalent to adding one unit to its logarithm, because this is equivalent 
to multiplying the given number by 10. Likewise, to move the decimal 
point one place to the left is equivalent to subtracting one unit from the 
logarithm. Hence, moving the decimal point any number of places to 
the right or left does not change the mantissa but only the characteristic* 
Thus, 5345, 5.345, 534.5, .05345, 534500 all have the same mantissa. 



* Another rule for finding the characteristic, based on this property, is often useful : 
if the decimal point were just after the first significant figure, the characteristic would be 
zero ; start at this point and count the digits passed over to the left or right to the actual 
decimal point ; the number obtained is the characteristic, except for sign ; the sign is nega- 
tive if the movement was to the left, positive if the movement was to the right. 
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5. Use of the Table. To use logarithms in computation we need a 
table arranged so as to enable us to find, with as little effort and time as 
possible, the logarithms of given numbers and, vice versa, to find numbers 
when their logarithms are known. Since the characteristics may be 
found by means of Rules I and II, p. vi, only mantissas are given. This 
is done in Table I. Most of the numbers in this table are irrational, and 
must be represented in the decimal system by approximations. A five- 
place table is one which gives the values correct to five places of decimals. 

Problem 1. To find the logarithm of a given number. First, deter- 
mine the characteristic, then look in the table for the mantissa. 

To find the mantissa in the table when the given number (neglecting 
the decimal point) consists of four, or less, digits (exclusive of ciphers at 
the beginning or end) , look in the column marked N for the first three 
digits and select the column headed by the fourth digit : the mantissa 
will be found at the intersection of this row and this column. Thus to 
find the logarithm of 72050, observe first (Rule I) that the characteristic 
is 4. To find the mantissa, fix attention on the digits 7205 ; find 720 in 
column iV, and opposite it in column 5 is the desired mantissa, .85763 ; 
hence log 72050 = 4.85763. The mantissa of .007826 is found opposite 
782 in column 6 and is .89354 ; hence log .007826 = 7.89354 — 10. 

6. Interpolation. If there are more than four significant figures in the 
given number, its mantissa is not printed in the table ; but it can be 
found approximately by assuming that the mantissa .varies as the number 
varies in the small interval not tabulated ; while this assumption is not 
strictly correct, it is sufficiently accurate for use with this table. 

Thus, to find the logarithm of 72054 we observe that log 72050 = 4.85763 
and that log 72060 = 4.85769. Hence a change of 10 in the number causes 
a change of .00006 in the mantissa ; we assume therefore that a change of 
4 in the number will cause, approximately, a change of .4 x .00006 
= .00002 (dropping the sixth place) in the mantissa ; and we write 
log 72054 = 4.85763 + .00002 = 4.85765. 

The difference between two successive values printed in the table is 
called a tabular difference (.00006, above). The proportional part of 
this difference to be added to one of the tabular values is called the cor- 
rection (.000002, above), and is found by multiplying the tabular difference 
by the appropriate fraction (.4, above). These proportional parts are 
usually written without the zeros, and are printed at the right-hand side 
of each page, to be used when mental multiplications seem uncertain. 

Example 1. Find the logarithm of .0012647. Opposite 126 in column 4 find .10175; 
the tabular difference is 34 (zeros dropped) ; .7 x 34 is given in the margin as 24 ; this cor- 
rection added gives .10199 as the mantissa of .0012647 ; hence log .0012647 = 7.10199 - 10. 

Example 2. Find the logarithm of 1.85748. Opposite 185 in column 7 find .26858 ; 
tabular difference 28 ; .48 x 28 is given in the margin as 10 ; this correction added gives 
.26868 as the mantissa of 1.85748 ; hence log 1.85748= 0.26868. 
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7. Reverse Reading of the Table. Problem 2. To find the number 
when its logarithm is known. First, fixing attention on the mantissa only, 
find from the table the number having this mantissa, then place the 
decimal point by means of the two following rules : * 

Rule III. If the characteristic of the logarithm is positive (in which 
case the mantissa is not followed by — 10), begin at the left, count digits 
one more than the characteristic, and place the decimal point to the right of 
the last digit counted. 

Rule IV. If the characteristic is negative (in which case the mantissa 
will be preceded by a number n and followed by —101), prefix 9— n 
ciphers, and place the decimal point to the left of these ciphers. 

Example 1. Given log x = 1.22787, to find x. 

Since the mantissa is 22737, we look for 22 in the first column and to the right and below 
for 737, which we find In column 8 opposite 168. The number is therefore 1688. Since the 
characteristic is +1, we begin at the left, count 2 places, and place the point ; hence 
05 = 16.88. 

Example 2. Given log a? — 2.24912, to find x. 

This mantissa is not found in the table ; in such cases we interpolate as follows : select 
the mantissa in the table next less than the given mantissa, and write down the corre- 
sponding number ; here, 1774 ; the tabular difference is 25 ; the actual difference (found by 
subtracting the mantissa of 1774 from the given mantissa) is 17 ; hence the proportionality- 
factor is 17/25 <— .68 or .7 (to the nearest tenth). Since moving the decimal point does not 
affect the mantissa, it follows that the digits in the required number are 17747 (to five places). 
The characteristic 2 directs to count 3 places from the left ; hence x = 177.47. 

Rule. In general, when the given mantissa is not found in the table, 
write down four digits of the number corresponding to the mantissa in the 
table next less than the given mantissa, determine a fifth figure by dividing 
the actual difference by the tabular difference, and locate the decimal point 
by means of the characteristic. 

8. Illustrations of the Use of Logarithms in Computation. 

Example 1. To find 882.48 X 302.43 X 16.725 X .000178. 

log 832.48 = 2.92084 

log 302.48 = 2.48062 

log 16.725 = 1.22887 

log .000178 = 6.25042 - 10 (add) 

log cd = 2.87475 whence x =• 749.47. 

i Example 2. To find 461.29 -r- 21.4. 

log 461.29 = 2.66397 
log 21 .4 = 1.83041 (subtract) 

log x — 1.88356 whence x = 21.556. 



* Another convenient form of these rules is as follows : if the characteristic were zero, 
the decimal point would fall just after the first significant figure ; move the decimal point 
one place to the right for each positive unit in the characteristic, one place to the left for 
each negative unit in the characteristic. 

t In rare cases — 20, — 80, etc. 
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Illustration of Cologarithms 

tafb'l. ToflDd 48.25 X 182.76 )< .1745 . 
" 1415.8 

We~might add the logarithms of the factors in the numerator and from this sum subtract 
the logarithm of the denominator ; but we can shorten the operation by adding the nega- 
tive of the logarithm of the denominator instead of subtracting the logarithm itself. The 
negative of the logarithm of a number (when written in convenient form for computation) 
is called the cologarithm of the number. We may find the negative of any number by 
subtracting it from zero, and it is convenient in logarithmic computation to write zero in the 
form 10.00000 - 10. Thus the negative of 2.17 is 7.83 - 10 ; the negative of 1.1482 - 10 is 
8.8568. Remembering that the cologarithm of a number is its negative we have the follow- 
ing rule : 

To find the cologarithm of a number begin at the left of its logarithm {including 
the characteristic) and subtract each digit from 9 y except the last* which subtract 
from 10; if the logarithm has not — 10 after the mantissa, write — 10 after the result; 
if the logarithm has — 10 after the mantissa, do not write — 10 after the result. 

By this rule the cologarithm of a number can be read directly out of the table without 
taking the trouble to write down the logarithm. Attention must be given not to forget the 
characteristic. The use of the cologarithm is governed by the principle : 

Adding the cologarithm is equivalent to subtracting the logarithm, 

Returning to the computation of the given problem we should write : 

log 48.25= 1.68850 
log 182.76= 2.12307 
log .1745= 9.24180 -10 
colog 1415.3= 6.84915 - 10 (add) 

log »= 9.89752 - 10 whence »= .7898 

Example 4. Find the 5th power of 7.26842 

log 7.26842= 0.86144 

5 (multiply) 

log x = 4.80720 whence x = 20286. 

Example 5. Find the 4th root of .007564 

log .007564= 7.87875- 10. 

(It is convenient to have, after the division by 4, — 10 after the mantissa ; hence before the 
division we add 80.00000 - 30.) 

log .007564 = 87.87875 - 40 (divide by 4), 
log x — 9.46969 - 10 whence x = .2949 



Example*. Find the value of i/<a»)(- 856.7)(-g^ 
^ \ (98.75) (-186.8) 



We have no logarithms of negative numbers, but an inspection of this problem shows 
that the result will be negative and numerically the same as though all the factors were 
positive ; hence we proceed as follows : 

log 84.55 =1.53845 
log 856.7 -2.98288 
log 48.5 -1.68849 
colog 98.75= 8.00546 - 10 
colog 186.8 - 7.72979 - 10 (add) 

1.84502 (divide by 8) 

log( - ») — 0.61501 whence x — - 4.121 



* If the logarithm ends in one or more ciphers, the last significant digit is to be under- 
stood here. 
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THE SLIDE RULE 



XI 



9- The Slide Rule. A slide rule consists of two pieces of the shape 
of a ruler, one of which slides in grooves in the other ; each is marked 
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(Fig. 1) in divisions (scale A and scale B) whose distances from one end 
are proportional to the logarithms of the numbers marked on them. 
It follows that the sum of two logarithms can be obtained by simply 
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sliding one rule along the other ; thus if (see Fig. 2) the point marked 1 
on scale B is set opposite the point marked 2.5 on scale A, the point on 
scale B marked* 2 will be opposite the point on scale A marked 5, since 
log 2.5 + log 2 = log 6. Likewise, opposite 3 (scale B) read 7.5 (scale A) ; 
opposite 2.5 (B) read 6.25 (4), i.e. 2.5 x 2.5 = 6.25. 

Other multiplications can be performed in an analogous manner. Divi- 
sions can be performed by reversing the operation. Thus, if 4.5 (B) be 
set on 11.25 (A), then 1 (B) will be opposite 2.5 (.4), as in Fig. 2. 

Scales C and D are made just twice as large as scales A and B. It fol- 
lows that the numbers marked on C and D are the square roots of the 
numbers marked opposite them on scales A and B. 

For a description of more elaborate slide-rules, and full directions for 
use, see the catalogues of instrument makers. 

The student should use a slide rule in checking results ; practice may 
be had by checking many of the results of the following list of exercises. 
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10. Graphical Representation of Interpolation. In tbe process of In- 
terpolation, values are inserted as if tbe logarithm varied directly as the 
number, between the two nearest 
, values given in tbe table. Graph- 
ically, this means that the interpo- 
lation is made as If the curve 
y = logz consisted of a straight 
line segment. 

If the values of x and y = logx 
are plotted in the usual manner, 
the curve obtained is that shown in 
Fig. 3. The values of x and y 
given in the table fall so close to 
each other on this figure that the 
interpolating line cannot be shown. 
But if the portion of the figure near 
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x = 2, y = 



) 10000 o 



the ratio 1 t 

and 1 to 1000 on the ji-axis, the resulting figure is as shown in Fig. 4. 
The point A shows x = 2.001, y — .30125 ; the point B shows x = 2.002, 
y = .30146 ; if we draw the straight line ANB, it is clear that tbe straight 
line differs from the true curve AMB, but tbe difference is very alight. 
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Thus, tbe value of y given by interpolation for x = 2.0015 is shown at 
N; it is y = .301355. The true value of log 2.0015, found from a higher 
place table is really .3013558 j hut either of these results would be written 
.30136, so that the error made in using the straight line ANB in place of 
the curve AMB does not affect the fifth place of decimals. 
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EXERCISES 

1. Find the values of each of the following products by logarithms ; check each com- 
putation by a multiplication of round numbers. 

(a) 8.1416 x 206.6. (ft) 64.82 x 2780.5. (c) 82.16 x(- 44.52). 

(d) 281.6 x .0024. (<) (- .008714) x (1206.5). (/) .968752 x .0010746. 

2. Substitute -r for x in each of the parts of Ex. 1, and then find the indicated quo- 
tient in each case by logarithms. 

3. Find the value of each of the following expressions by logarithms ; check each 
computation. 

(a\ 8-1416x2109.4 (b) 725 x (- 3.472) (c) (8.1416)*. (a) (1.728)". 

K) 782.56x28.5* 6805.4 x .0126 ' (d) Vs.1416. (/) (2.469)8/2. 

iff) (-27.84D)*. (A) (.000165) V7. (i) (8.1416)(2.84)*+ (.006)1/3. 

4. Find the area of a circle whose radius is 47.5 ft. 

6. Find the area of a rectangle whose base is 281.75 and whose height is 514.25. 

6. Find the area and the volume of a sphere whose radius is 4.6152. 

7. Given 1 cm. — .8987 in., reduce 4752.6 cm. to inches. 

8. Reduce 675 sq. cm. to square inches. 

9. Given 865.242 mean solar days = 866.242 sidereal days, express 1 mean solar day in 
terms of sidereal days ; express 1 sidereal day in terms of mean solar days. 

10. The amount a of a principal p at compound interest of rate r for n years is given 
by the formula : a =» />(1 + r)». Find a if p — 12,758, r — .06, and n — 5. 

11. Evaluate each of the following expressions : 

(a) V3. V*- y/l. 5.62 X (4.8)1.5 y/JOO OO 

(&) 52/8* (12.7)3/2. W (.684)2^ ' W (49.52)4.6 " 

II. FIVE-PLACE TABLE OF THE ACTUAL VALUES OF 
THE TRIGONOMETRIC FUNCTIONS OF ANGLES 

11. Direct Readings. This table gives the sines, cosines, tangents, 
and cotangents of the angles from 0° to 45°; and by a simple device, 
indicated by the printing, the values of these functions for angles from 
. 45° to 90° may be read directly from the same table. For angles less than 
45° read down the page, the degrees being found at the top and the min- 
utes on the left ; for angles greater than 45° read up the page, the degrees 
being found at the bottom and the minutes on the right. 

To find a function of an angle (such as 15° 27'.6, for example) which 
does not reduce to an integral number of minutes, we employ the process 
of interpolation. To illustrate, let us find tan 15° 27'. 6. In the table 
we 'find tan 15° 27' = .27638 and tan 15° 28' = .27670 ; we know that 
tan 15° 27'. 6 lies between these two numbers. The process of interpola- 
tion depends on the assumption that between 15° 27' and 15° 28' the tan- 
gent of the angle varies directly as the angle ; while this assumption is not 
strictly true, it gives an approximation sufficiently accurate for a five-place 
table. Thus we should assume that tan 16° 27 '.6 is halfway between 
.27638 and .27670. We may state the problem as follows: An increase 
of 1' in the angle increases the tangent .00032 ; assuming that the tangent 
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varies as the angle, an increase of 0'.6 in the angle will increase the tan- 
gent by .6 x .00032 = .00019 (retaining only five places) ; hence 

tan 15° 27 '.6 = .27638 + .00019 = .27667. 

The difference between two successive values in the table is called, as 
in Table I, the tabular difference (.00032 above). The proportional part 
of the tabular difference which is used is called the correction (.00019 
above), and is found by multiplying the tabular difference by the appro- 
priate fraction of the smallest unit given in the table. 

Example 1. Find sin 68° 52>.8. 

Wo find sin 68° 52' - .89777 ; 

tabular difference — .00018 (subtracted mentally from the table), 
correction — .8 x .00018 — .00010 (to be added). 
Henee sin 68° 52'.8 - .89787. 

Example 2. Find tan 87° 45A4. 

tan 87° 4& -.77428; 

dropping useless zeros, tabular difference — 47 ; .4 x 47 — 19 (to be added). ' 
Hence tan 87° 45A4 - .77447. 

Example 8. Find cos 66° 24>.8. 

cos 65° 24* -.41628; 

tabular difference — 26 ; .8 x 26 — 21 

(to be subtracted because the cosine decreases as the angle increases). 
Hence cos 65° 24*.8 - .41607. 

Example 4. Find ctn 82° W.5. 

ctn 82° 18' - 1.6818 ; 

tabular difference — 10 ; .5 x 10 — 5 (to be subtracted). 

Hence ctn 82° 18>.5 - 1.6818. 

Rule. To find a trigonometric function of an angle by interpolation : 
select the angle in the table which is next smaller than the given angle, and 
read its sine (cosine or tangent or cotangent as the case may be) and the 
tabular difference. Compute the correction as the proper proportional 
part of the tabular difference. In case of sines or tangents add the correc* 
tion ; in case of cosines or cotangents, subtract it. 

12. Reverse Readings. Interpolation is also used in finding the angle 
when one of its functions is given. 

Example 1. Given sin x — .82845, to find x. 

Looking in the table we find the sine which is next less than the given sine to be .82882, 
and this belongs to 19° 10*. Subtract the value of the sine selected from the given sine to 
obtain the actual difference — .00018 ; note that the tabular difference — .00027. The actual 
difference divided by the tabular difference gives the correction — 18/27 — .5 as the decimal 
of a minute (to be added). Hence x — 19° 1C.5. 

Example 2. Given cos a? — .28482, to find x. 

The cosine in the table next less than this is .28429 and belongs to 78° 29* ; the tabular 
difference is 28 : the actual difference is 8 ; correction — 8/28 — .1 (to be subtracted). 
Hence x =• 78° 28>.9. 

Example 8. Given tan x — 2.8678, to find x. 

The tangent in the table next less than this is 2.8666 and belongs to 70° 42* ; the tabular 
difference is 26 ; the actual difference is 17 ; correction 17/26 — .7 (to be added). Hence 
x - 70* 42*.7. 
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Rule. To find an angle when one of its trigonometric functions is given : 
select from the table the same named function which is next less than the 
given function, noting the corresponding angle and the tabular difference; 
compute the actual difference (between the selected value of the function 
and the given value) and divide it by the tabular difference ; this gives the 
correction which is to be added if the given function is sine or tangent, 
and to be subtracted if the given function is cosine or cotangent. 

IIL FIVE-PLACE COMMON LOGARITHMS OF THE 
TRIGONOMETRIC FUNCTIONS 

13. Use of the Table. If it is required to find the numerical value of 
x = 27.85 x sin 61° 27', we may apply logarithms as follows : 

log 27.85 = 1.44483. 
log sin 51° 27' = 9.89324 - 10 (add). 

logz = 1.33807 a; = 21.78 

The only new idea here is the method of finding log sin 51° 27', which 
means the logarithm of the sine of 61° 27' . The most obvious way is to find 
in Table I, sin 51° 27' = .78206, and then to find in Table II, log .78206 
= 9.89824— 10, but this involves consulting two tables. To avoid the 
necessity of doing this, Table III gives the logarithms of the sines, 
cosines, tangents, and cotangents. The arrangement and the principles 
of interpolation are similar to those given on p. viii for Table I. The stu- 
dent should note carefully that Table III does not give the sines, cosines, 
etc., of angles, but rather their logarithms ; also that the sines and cosines 
of all acute angles, the tangents of all acute angles less than 45° and the 
cotangents of all acute angles greater than 45° are proper fractions, and 
their logarithms end with — 10, which is not printed in the table, but 
which should be written down whenever such a logarithm is used. 

Example 1. Find log sin 68° 25*.4. 

On the page having 68° at the bottom, and in the row having 25' on the right find log 
sin 68° 25> =- 9.96848 — 10 ; the tabular difference is 5 ; .4 x 5 is given in the margin as 2 ; 
this is the correction to be added, giving log sin 68° 25A4 — 9.96845 - 10. 

(In case of sine and tangent add the correction.) 

Example 2. Find log cos 48° 89'. 4. 

log cos 48° 89 / — 9.81998 - 10, tabular difference 15. 

.4 x 15 — 6 (subtract) therefore log cos 43° 89'.4 — 9. 81992 - 10. 
(In case of cosine and cotangent, subtract the correction.) 

Example 8. Given log tan « — 0.77668, to find x. 

The logarithmic tangent in Table III next less than the given one is 0.77689 and belongs 
to 80°80 / ; the actual difference is 24; the tabular difference is 78; hence the correction is 
24/78 - & (add) ; hence a> - 80° 80' .8. 

Example 4. Given log cos x — 9.72581 - 10, to find x. 

The logarithmic cosine next less than the given one is 9.72562 — 10 and belongs to 57° 58' ; 
the actual difference is 19 ; the tabular difference is 20 ; hence the correction is 19/20 = 1.0 
(to the nearest tenth) ; (subtract) ; hence x — 57° 52'.0. 
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In finding log ctn a for any angle a, note that log ctn a = — log tan a, 
since ctn a = 1/tan a. Hence the tabular differences for log ctn are pre- 
cisely the same as those for log tan throughout the table, but taken in 
reversed order. Likewise, log sec a = — log cos a, log esc a = — log sin a ; 
hence log sec a and log esc a are omitted. 

For angles near 0° or near 90°, the interpolations are not very accurate 
if the differences are large. A special process, called logarithmic interpo- 
lation, is given on p. 45, for angles below 3° or above 87°. 

IV-V. RADIAN MEASURE 

14. Computations in Radian Measure. The reduction of degrees to 
radians is facilitated by Table IV — Conversion of Degrees to Radians. 

The values of sin x, cos a:, tanz, are stated for every angle x from 0.00 
radians to 1.60 radians at intervals of i01 radian in Table V — Trigo- 
nometric Functions in Radian Measure. 

The reduction of radians to degrees can be performed directly by Table 
V ; or, for greater accuracy, by the supplementary Table Va. 

VI. POWERS — ROOTS— RECIPROCALS 

15. Arrangement. This table is arranged so that the square, cube, 
square root, cube root, or reciprocal can be read directly to five decimal 
places for any number n of three significant figures. To attain this, not 
only n 2 , w 8 , Vn, y/n, 1/n, but also VlOn, \^10n, vTOOn are printed on 
every page. All values have been carefully recomputed and checked. 



Thus to flDd Vl. 17, re ad in Vn column the result: 1.08167. To find Vll.7, read in 
the same line, in VlOw column the r esult: 8.42053. To find VllT, read 10 times the 
entry in V» column, since v'ln — 10V1.17. 



Similarly, VL17 — 1.06378 from- y« column ; V 11 - 7 = 2.27019 from the same line in 
-y/lOtt column ; v"ll7 °™ 4.89097 from the same line in -y/lOOn column. 

The effect of a change in the decimal point in n 2 , n 8 , and 1/n is only 
to shift the decimal point in the result, without altering the digits printed. 

16. Uses. One principal use of this table in Trigonometry is to make 
the Pythagorean Theorem and the Law of Cosines practicable as formulas 
for actual computation, in an obvious manner. 

For mensuration formulas, etc., all the entries are very convenient. 

VTI. NAPIERIAN OR NATURAL LOGARITHMS 

17. The Base e. —Natural Logarithms. The number e = 2.7182818 •• 
is called the natural base of logarithms. The logarithms of numbers 
to this base are given in Table VII at intervals of .01 from 0.01 to 
10.09, and at unit intervals from 10 to 409. The fundamental relation 
log, n = log, 10 x logio n enables us to transfer from the base 10 to the base 
e, or conversely ; where log, 10 = 2.30258509. 
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A — B — C. FOUR-PLACE TABLES- 

18. Four-place Tables. These are duplicates of the preceding five- 
place tables, reduced to four places, and with larger intervals between 
the tabulations. The value of such four-place tables consists in the greater 
speed with which they can be used, in case the degree of accuracy they 
afford is sufficient for the purpose in hand. 

A. Logarithms of Numbers. The only special feature of this table is 
that the proportional parts are printed for every tenth in every row ; hence 
the logarithm of any number of four significant figures can be read directly, 
by a mental addition of the proportional part corresponding to the last 
figure. There may be an error of 1 in the last place in the result. 

B. Antilogarithms. Attention is called to the table of antilogarithms, 
in which the numbers corresponding to given logarithms are tabulated. 
This table, together with the accompanying four-place logarithm table, 
will be found to facilitate approximate calculations to a marked degree, 
especially when great accuracy is not necessary. Thus these tables are 
convenient in checking results found otherwise. The proportional parts 
are stated in the right-hand margin for each row separately ; hence the 
antilogarithm of a number of four significant figures can be read almost 
immediately, the addition of the proper correction being performed men- 
tally. This arrangement, with the corresponding one in Table A, makes • 

% the tables effectively four-place each way. 

C. Values and Logarithms of Trigonometric Functions. In this table, 
the values of sin a, cos a, tan a, ctn a, and their common logarithms, 
are stated for each 10 minute interval in a. The characteristics of the 
logarithms are omitted, since they can be supplied readily from the value, 
as in the case of Table A. 



19. Sources and Checks used. In arranging ail of these tables, several 
extant tables have been used as sources ; and the proofs have been read 
against the standard seven-place tables of Vega, and at least one other 
table, or against at least two independent sources when the figures are 
not given by Vega. In all cases, the stereotyped plates have been proof- 
read five times, by three different persons. 

In case of apparent doubt, especially in the last place of decimals, the 
values have been recomputed, either by series or by the condensed fifteen- 
place tables of Hotiel. 

While errors may occur, it is believed that they must be purely typo- 
graphical ; in most cases such an error is revealed by the unreasonable 
differences it creates. 
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Table A 


—Four Place Logarithms 


[A 


N 

10 

11 
12 
13 

14 
15 

16 

17 
18 
19 

20 

21 
22 
23 

24 
25 
26 

27 
28 
29 

30 

31 
32 
33 

34 
35 

36 

37 
38 
39 




0000 

0414 
0792 
1139 

1461 
1761 
2041 

2304 
2553 
2788 

3010 


1 

0043 

0453 
0828 
1173 

1492 
1790 
2068 

2330 
2577 
2810 

3032 


2 

0086 

0492 
0864 
1206 

1523 

1818 
2095 

2355 
2601 
2833 

3054 

3263 
3464 
3655 

3838 
4014 
4183 

4346 
4502 
4654 

4800 

4942 
5079 
5211 

5340 
5465 
5587 

5705 

5821 
5933 

6042 

6149 
6253 
6355 

6454 
6551 
6646 

6739 
6830 
6920 

7007 

7093 

7177 
7259 

7340 
2 


3 

0128 

0531 
0899 
1239 

1553 
1847 
2122 

2380 
2625 

2856 

3075 

3284 
3483 
3674 

3856 
4031 
4200 

4362 
4518 
4669 

4814 

4955 
5092 
5224 

5353 

5478 
5599 

5717 
5832 
5944 

6053 

6160 
6263 
6365 

6464 
6561 
6656 

6749 
6839 
6928 

7016 

•7101 
7185 
7267 

7348 
8 


4 

0170 

0569 
0934 
1271 

1584 
1875 
2148 

2405 
2648 
2878 

3096 

3304 
3502 
3692 

3874 
4048 
4216 

4378 
4533 
4683 

4829 

4969 
5105 
5237 

5366 
5490 
5611 

5729 
5843 
5955 

6064 

6170 
6274 
6375 

6474 
6571 
6665 

6758 
6848 
6937 

7024 

7110 
7193 
7275 

7356 

4 


5 

0212 

0607 
0969 
1303 

1614 
1903 
2175 

2430 
2672 
2900 

3118 

3324 
3522 
3711 

3892 
4065 
4232 

4393 

4548 
4698 

4843 

4983 
5119 
5250 

5378 
5502 
5623 

5740 
5855 
5966 

6075 

6180 
6284 
6385 

6484 
6580 
6675 

6767 
6857 
6946 

7033 

7118 
7202 

7284 

7364 
5 


6 

02.-3 

0645 
1004 
1335 

1644 
1931 
2201 

2455 
2695 
2923 

3139 

3345 
3541 
3729 

3909 
4082 
4249 

4409 
4564 
4713 

4857 

4997 
5132 
5263 

5391 
5514 
5635 

5752 
5866 
5977 

6085 

6191 
6294 
6395 

6493 
6590 
6684 

6776 
6866 
6955 

7042 

7126 
7210 
7292 

7372 
6 


7 

0294 

0682 
1038 
1367 

1673 
1959 
2227 

2480 
2718 
2945 

3160 

3365 
3560 
3747 

3927 
4099 
4265 

4425 
4579 
4728 

4871 

5011 
5145 
5276 

5403 
5527 
5647 

5763 
5877 
5988 

6096 

6201 
6304 
6405 

6503 
6599 
6693 

6785 
6875 
6964 

7050 

7135 

7218 
7300 

7380 
7 


8 

0334 

0719 

,1072 

1399 

1703 
1987 
2253 

2504 

2742 
2967 

3181 

3385 
3579 
3766 

3945 

4116 
4281 

4440 
4594 
4742 

4886 

5024 
5159 
5289 

5416 
5539 
5658 

5775 
5888 
5999 

6107 

6212 
6314 
6415 

6513 
6609 
6702 

6794 
6884 
6972 

7059 

7143 
7226 
7308 

7388 
8 


9 

0374 

0755 
1106 
1430 

1732 
2014 
2279 

2529 
2765 
2989 

3201 

3404 
3598 
3784 

3962 
4133 
4298 

4456 
4609 
4757 

4900 

5038 
5172 
5302 

5428 
5551 
5670 

5786 
5899 
6010 

6117 

6222 
6325 
6425 

6522 
6618 
6712 

6803 
6893 
6981 

7067 

7152 
7235 
7316 

7396 
9 


12 3 


4 5 6 


7 8 9 


4 812 


17 21 25 


29 33 37 


4 811 
3 710 
3 610 

3 6 9 
3 6 8 
3 5 8 

2 5 7 
2 5 7 
2 4 7 


15 19 23 
14 17 21 
13 16 19 

12 15 18 
11 14 17 
11 13 16 

10 12 15 
9 1214 
9 11 13 


26 30 34 
24 28 31 
23 26 29 

2124 27 
20 22 25 
18 2124 

17 20 22 
16 19 21 
16 18 20 


2 4 6 


8 1113 

8 1012 
8 1012 
7 9 11 

7 9 11 
7 9 10 
7 8 10 

6 8 9 
6 8 9 
6 7 9 


15 17 19 


3222 
3424 
3617 

3802 
3979 
4150 

4314 
4472 
4624 

4771 

4914 
5051 
5185 

5315 
5441 
5563 

5682 
5798 
5911 


3243 
3444 
3636 

3820 
3997 
4166 

4330 

4487 
4639 

4786 

4928 
5065 
5198 

5328 
5453 
5575 

5694 
5809 
5922 

6031 

6138 
6243 
6345 

6444 
6542 
6637 

6730 
6821 
6911 

6998 

7084 
7168 
7251 

7332 
1 


2 4 6 
2 4 6 
2 4 6 

2 4 5 
2 4 5 
2 3 5 

2 3 5 
2 3 5 
13 4 


14 16 18 
14 16 17 
13 15 17 

12 14 16 
12 14 16 
11 13 15 

11 12 14 
11 12 14 
10 12 13 


13 4 


6 7 9 101113 


13 4 
13 4 
13 4 

12 4 
12 4 
12 4 

12 4 
1 2 3 
1 2 3 


5 7 8 
5 7 8 
5 7 8 

5 6 8 
5 6 7 
5 6 7 

5 6 7 
5 6 7 
4 5 7 


10 11 12 
91112 
9 11 12 

910 11 
910 11 
810 11 

8 911 
8 9 10 
8 910 


40 

41 
42 
43 

44 
45 
46 

47 
48 
49 

50 


6021 

6128 
6232 
6335 

6435 
6532 

6628 

6721 
6812 
6902 


12 3 


4 5 6 

4 5 6 
4 5 6 
4 5 6 

4 5 6 
4 5 6 
4 5 6 

4 5 6 
4 5 6 
4 4 5 


8 9 10 


12 3 
12 3 
12 3 

12 3 
12 3 
12 3 

12 3 
12 3 
12 3 


7 8 9 
7 8 9 
7 8 9 

7 8 9 
7 8 9 
7 7 8 

7 7 8 
7 7 8 
6 7 8 


6990 


12 3 


3 4 5 


6 7 8 


51 
52 
53 

54 


7076 
7160 
7243 

7324 


12 3 
12 3 
12 2 

12 2 


3 4 5 
3 4 5 
3 4 5 

3 4 5 


6 7 8 
6 7 7 
6 6 7 

6 6 7 


Bf 





12 2 


4 5 6 


7 8 9 



The proportional parts are stated in fall for every tenth at the right-hand side. 
The logarithm of any number of four significant figures can be read directly by add- 



A] 






Table A 


— Four Place Logarithms 


3 


TS 





1 

7412 
7490 

7566 
7642 
7716 

7789 

7860 
7931 
8000 

8069 
8136 
8202 

8267 
8331 
8395 

8457 

8519 
8579 
8639 

8698 
8756 
8814 

8871 
8927 
8982 

9036 

9090 
9143 
9196 

9248 
9299 
9350 

9400 
9450 
9499 

9547 

9595 
9643 
9689 

9736 
9782 
9827 

9872 
9917 
9961 

1 


2 

7419 
7497 

7574 
7649 
7723 

7796 

7868 
7938 
8007 

8075 
8142 
8209 

8274 
8338 
8401 

8463 

8525 

8585 
8645 

8704 

8762 
8820 

8876 
8932 
8987 

9042 

9096 
9149 
9201 

9253 
9304 
9355 

9405 
9455 
9504 

9552 

9600 
9647 
9694 

9741 
9786 
9832 

9877 
9921 
9965 

2 


3 

7427 
7505 

7582 
7657 
7731 

7803 

7875 
7945 
8014 

8082 
8149 
8215 

8280 
8344 
8407. 

8470 

8531 
8591 
8fi51 

8710 

8768 
8825 

8882 
8938 
8993 

9047 

9101 
9154 
9206 

9258 
9309 
9360 

9410 
9460 
9509 

9557 


4 

7433 
7513 

7589 
7664 
7738 

7810 

7882 
7952 
8021 

8089 
8156 
8222 

8287 
8351 
8414 

8476 

8537 
8597 
8657 

8716 

8774 
8831 

8887 
8943 
8998 

9053 


5 

7443 
7520 

7597 
7672 
7745 

7818 

7889 
7959 
8028 

8096 
8162 
8228 

8293 
8357 
8420 

8482 

8543 
8603 
8663 

8722 
8779 
8837 

8893 
8949 
9004 

9058 


6 

7451 
7528 

7604 
7679 
7752 

7825 

7896 
7966 
8035 

8102 
8169 
8235 

8299 
8363 
8426 

8488 

8549 
8609 
8669 

8727 
8785 
8842 

8899 
8954 
9009 

9063 

9117 
9170 
9222 

9274 
9325 
9375 

9425 
9474 
9523 

9571 

9619 
9666 
9713 

9759 
9805 
9850 

9894 
9939 
9983 


7 

7459 
7536 

7612 

7686 
7760 

7832 

7903 
7973 
8041 

8109 
8176 
8241 

8306 
8370 
8432 

8494 

8555 
8615 
8675 

8733 
8791 
8848 

8904 
8960 
9015 

9069 

9122 
9175 
9227 

9279 
9330 
9380 

9430 
9479 
9528 

9576 

9624 
9671 
9717 

9763 

9809 
9854 

9899 
9943 

9987 


8 

7466 
7643 

7619 
7694 

7767 

7839 

7910 
7980 
8048 

8116 
8182 
8248 

8312 

8376 
8439 

8500 

8561 
8621 
8681 

8739 

8797 
8854 

8910 
8965 
9020 

9074 

9128 
9180 
9232 

9284 
9335 
9385 

9435 
9484 
9533 

9581 

9628 
9675 
9722 

9768 
9814 
9859 

9903 
9948 
9991 

8 


9 

7474 
7561 

7627 
7701 

7774 

7846 

7917 
7987 
8055 

8122 
8189 
8254 

8319 
8382 
8445 

8506 

8567 
8627 
8686 

8745 
8802 
8859 

8915 
8971 
9025 

9079 

9133 
9186 
9238 

9289 
9340 
9390 

9440 
9489 
9538 

9586 

9633 
9680 
9727 

9773 
9818 
9863 

9908 
9952 
9996 

9 


12 3 


4 5 6 


7 8 9 


55 

56 

57 

58 
59 


7404 
7482 

7559 
7634 
7709 


12 2 
12 2 

112 
112 
112 


3 4 5 
3 4 5 

3 4 5 
3 4 4 
3 4 4 


5 6 7 
5 6 7 

5 6 7 
5 6 7 
5 6 7 


60 


7782 


112 


3 4 4 


5 6 6 


61 
62 
63 

64 
65 

66 

67 
68 
09 

70 

71 
72 
73 

74 
75 

76 

77 
78 
79 

80 


7853 
7924 
7993 

8062 
8129 
8195 

8261 
8325 

8388 

8451 

8513 
8573 
8633 

8692 
8751 
8808 

8865 
8921 
8976 

9031 


112 
112 
112 

112 
112 
112 

112 
112 
1. 1 2 


3 3 4 
3 3 4 
3 3 4 

3 3 4 
3 3 4 
3 3 4 

3 3 4 
3 3 4 
3 3 4 


5 6 
5 5 6 
5 5 6 

5 5 6 
5 5 6 
5 5 6 

5 5 6 
4 5 6 
4 5 6 


112 


3 3 4 


4 5 6 


112 
112 
112 

112 
112 
112 

1 1 2 
112 
112 


3 3 4 
3 3 4 
2 3 4 

2 3 4 
2 3 3 
2 3 3 

2 3 3 
2 3 3 
2 3 3 


4 5 6 
4 5 6 
4 5 5 

4 5 5 
4 5 5 
4 4 5 

4 4 5 
4 4 5 
4 4 5 


112 


2 3 3 


4 4 5 


81 
82 
83 

84 
85 

86 

87 
88 
89 


9085 
9138 
9191 

9243 
9294 
9345 

9395 
9445 
9494 


9106 
9159 
9212 

9263 
9315 
9365 

9415 
9465 
9513 

9562 


9112 
9165 
9217 

9269 
9320 
9370 

9420 
9469 
9518 

9566 

9614 
9661 
9708 

9754 
9800 
9845 

9890 
9934 
9978 

5 


112 
112 
112 

112 
112 
112 

112 
Oil 
1 1 


2 3 3 
2 3 3 
2 3 3 

2 3 3 
2 3 3 
2 3 3 

2 3 3 
2 2 3 
2 2 3 


4 4 5 
4 4 5 
4 4 5 

4 4 5 
4 4 5 
4 4 5 

4 4 5 
3 4 4 
3 4 4 


90 

91 
92 
93 

94 
95 

96 

97 
98 
<)9 


9542 

9590 
9638 
9685 

9731 

9777 
9823 

9868 
9912 
9956 


Oil 


2 2 3 


3 4 4 


9605 
9652 
9699 

9745 
9791 
9836 

9881 
9926 
9969 

8 


9609 
9657 
9703 

9750 
9795 
9841 

9886 
9930 
9974 

4 


Oil 
Oil 
Oil 

Oil 
Oil 
Oil 

Oil 
Oil 
Oil 


2 2 3 
2 2 3 
2 2 3 

2 2 3 
2 2 3 
2 2 3 

2 2 3 
2 2 3 
2 2 3 


3 4 4 
3 4 4 
3 4 4 

3 4 4 
3 4 4 
3 4 4 

3 4 4 
3 3 4 
3 3 4 


N 





6 


7 


12 3 


4 5 6 


7 8 9 



ing the proportional part corresponding to the fourth figure to the tabular number 
corresponding to the first three figures. There may be an error of 1 in the last place. 
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Table B 


— Antilogarithms to Four Places 


[B 


.00 




1000 


l 

1002 

1026 
1050 
1074 

1099 
1125 
1151 

1178 
1205 
1233 

1262 

1291 
1321 
1352 

1384 
1416 
1449 

1483 
1517 
1552 

1589 

1626 
1663 
1702 

1742 

1782 
1824 

1866 
1910 
1954 

2000 

2046 
2094 
2143 

2193 
2244 
2296 

2350 
2404 
2460 

2518 

2576 
2636 
2698 

2761 
2825 
2891 

2958 
3027 
3097 


2 

1005 

1028 
1052 
1076 

1102 
1127 
1153 

1180 
1208 
1236 

1265 

1294 
1324 
1355 

1387 
1419 
1452 

1486 
1521 
1556 

1592 

1629 
1667 
1706 

1746 
1786 
1828 

1871 
1914 
1959 

2004 

2051 
2099 
2148 

2198 
2249 
2301 

2355 
2410 
2466 


3 

1007 

1030 
1054 
1079 

1104 
1130 
1156 

1183 
1211 
1239 

1268 

1297 
1327 
1358 

1390 
1422 
1455 

1489 
1524 
1560 

1596 

1633 
1671 
1710 

1750 
1791 
1832 

1875 
1919 
1963 

2009 

2056 
2104 
2153 

2203 
2254 
2307 

2360 

12415 

2472 


4 

1009 

1033 
1057 
1081 

1107 
1132 
1159 

1186 
1213 
1242 

1271 

1300 
1330 
1361 

1393 
1426 
1459 

1493 
1528 
1563 

1600 

1637 
1675 
1714 

1754 
1795 

1837 

1879 
1923 

1968 

2014 

2061 
2109 
2158 

2208 
2259 
2312 

2366 
2421 

2477 

2535 

2594 
2655 
2716 

2780 
2844 
2911 

2979 
3048 
3119 


5 

1012 

1035 
1059 
1084 

1109 
1135 
1161 

1189 
1216 
1245 

1274 

1303 
1334 
1365 

1396 
1429 
1462 

1496 
1531 
1567 

1603 

1641 
1679 
1718 

1758 
1799 
1841 

1884 
1928 
1972 

2018 

2065 
2113 
2163 

2213 
2265 
2317 

2371 
2427 

2483 

2541 

2600 
2661 
2723 

2786 
2851 
2917 

,2985 
1 3055 
13126 


6 

1014 

1038 
1062 
1086 

1112 
1138 
1164 

1191 
1219 
1247 

1276 

1306 
1337 
1368 

1400 
1432 
1466 

1500 
1535 
1570 

1607 

1644 
1683 
1722 

1762 
1803 
1845 

1888 
1932 
1977 

2023 

2070 
2118 
2168 

2218 
2270 
2323 

2377 
2432 
2489 

2547 

2606 
2667 
2729 

2793 

2858 
2924 

2992 
3062 
3133 


7 

1016 

1040 
1064 
1089 

1114 
1140 
1167 

1194 
1222 
1250 

1279 

1309 
1340 
1371 

1403 
1435 
1469 

1503 
1538 
1574 

1611 

1648 
1687 
1726 

1766 

1807 
1849 

1892 
1936 
1982 

2028 

2075 
2123 
2173 

2223 
2275 
2328 

2382 
2438 
2495 

2553 

2612 
2673 
2735 

2799 
2864 
2931 

2999 
3069 
3141 


8 

1019 

1042 
1067 
1091 

1117 
1143 
1169 

1197 
1225 
1253 

1282 

1312 
1343 
1374 

1406 
1439 
1472 

1507 
1542 

1578 

1614 

1652 
1690 
1730 

1770 
1811 
1854 

1897 
1941 
1986 

2032 

2080 
2128 
2178 

2228 
2280 
2333 

2388 
2443 
2500 

2559. 

2618 
2679 
2742 

2805 
2871 
2938 

3006 
3076 
3148 


9 

1021 

1045 
1069 
1094 

1119 
1146 
1172 

1199 
1227 
1256 

1285 

1315 
1346 
1377 

1409 
1442 
1476 

1510 
1545 
1581 

1618 

1656 
1694 
1734 

1774 

1816 
1858 

1901 
1945 
1991 

2037 

2084 
2133 
2183 

2234 
2286 
2339 

2393 
2449 
2506 

2564 

2624 

2685 
2748 

2812 

2877 
2944 

3013 
3083 
3155 


12 3 


4 5 6 


7 8 9 


1 


111 


2 2 2 


.01 
.02 
.03 

.04 
.05 

.Oo 

.07 
.08 
.09 

.10 

.11 
.12 
.13 

.14 
.15 

.16 

.17 

.18 
.19 

20 

.21 
.22 
.23 

.24 
.25 
.26 

.27 
.28 
.29 


1023 
1047 
1072 

1096 
1122 

1148 

1175 
1202 

1230 

1259 

1288 
1318 
1349 

1380 
1413 
1445 

1479 
1514 
1549 

1585 

1622 
1660 
1698 

1738 
1778 
1820 

1862 
1905 
1950 


1 
1 
1 

Oil 
Oil 
Oil 

Oil 
Oil 
Oil 


111 
111 
111 

112 
112 
112 

112 
1 1. 2 
112 


2 2 2 
2 2 2 
2 2 2 

2 2 2 
2 2 2 
2 2 2 

2 2 2 
2 2 3 
2 2 3 


1 1 


112 


2 2 3 


Oil 
Oil 
Oil 

Oil 
1 1 
Oil 

1 1 
Oil 
Oil 


12 2 
12 2 
12 2 

12 2 
12 2 
12 2 

12 2 
12 2 
12 2 

12 2 

12 2 
2 2 2 
2 2 2 

2 2 2 
2 2 3 
2 2 3 

2 2 3 
2 2 3 
2 2 3 


2 2 3 
2 2 3 
2 3 3 

2 3 3 
2 3 3 
2 3 3 

2 3 3 
2 3 3 
2 3 3 


Oil 


3 3 3 


Oil 
Oil 
Oil 

Oil 
Oil 
Oil 

Oil 
1 1 
Oil 


3 3 3 
3 3 3 
3 3 3 

3 3 4 
3 3 4 
3 3 4 

3 3 4 
3 4 4 
3 4 4 


.30 

.31 
.32 
.33 

.34 
.35 

.36 

.37 
.38 
.39 


1995 

2042 
2089 
2138 

2188 
2239 
2291 

2344 
2399 
2455 


Oil 


2 2 3 


3 4 4 


Oil 
Oil 
Oil 

112 
112 
1 1 2 

112 
112 
112 


2 2 3 
2 2 3 
2 2 3 

2 3 3 
2 3 3 
2 3 3 

2 3 3 
2 3 3 
2 3 3 


3 4 4 
3 4 4 

3 4 4 

4 4 5 
4 4 5 
4 4 5 

4 4 5 
4 5 5 
4 5 5 


.40 


2512 


2523 1 2529 


112 


2 3 4 


4 5 5 


.41 
.42 
.43 

.44 
.45 
.46 

.47 
.48 
.49 


2570 
2630 
2692 

2754 

2818 
2884 

2951 
3020 
3090 


2582 
2642 
2704 

2767 
2831 
2897 

2965 
3034 
3105 


2588 
2649 
2710 

2773 

2838 
2904 

2972 

3041 

,3112 


112 
112 
112 

112 
112 
112 

112 
112 
112 


2 3 4 
2 3 4 

2 3 4 

3 3 4 
3 3 4 
3 3 4 

3 3 4 
3 3 4 
3 4 4 


4 5 6 
4 5 6 
4 5 6 

4 5 6 

5 5 6 
5 5 6 

5 6 6 
5 6 6 
5 6 6 
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Table B 


— Antilogarithms to Four Places 


5 


.50 

.51 
.52 
.53 

.54 
.55 

.56 

.57 
.58 
.59 





l 


2 

3177 

3251 
3327 
3404 

3483 
3566 
3648 

3733 
3819 
3908 


8 

3184 

3258 
3334 
3412 

3491 
3573 
3656 

3741 
3828 
3917 

4009 

4102 
4198 
4295 

4395 
4498 
4603 

4710 
4819 
4932 

5047 

5164 
5284 
5408 

5534 
5662 
5794 

5929 
6067 
6209 

6353 

6501 
6653 
6808 

6966 
7129 
7295 

7464 
7638 
7816 

7998 

8185 
8375 
8570 

8770 
8974 
9183 

9397 
9616 
9840 


4 

3192 

3266 
3342 
3420 

3499 
3581 
3664 

3750 
3837 
3926 

4018 

4111 
4207 
4306 

4406 
4508 
4613 

4721 
4831 
4943 

5058 

5176 
5297 
5420 

5546 
6675 
5808 

5943 
6081 
6223 

6368 

6616 
6668 
6823 

6982 
7145 
7311 

7482 
7656 
7834 

8017 

8204 
8395 
8590 

8790 
8995 
9204 

9419 
9638 
9863 


5 


6 


7 
3214 


8 

3221 

3296 
3373 
3451 

3532 
3614 
3698 

3784 
3873 
3963 

4055 

4150 
4246 
4345 

4446 
4550 
4656 

4764 

4875 
4989 

5105 

5224 
5346 
5470 

5598 
5728 
5861 

5998 
6138 
6281 

6427 

6577 
6730 
6887 

7047 
7211 
7379 

7551 

7727 
7907 

8091 

8279 
8472 
8670 

8872 
9078 
9290 

9506 
9727 
9954 


9 

3228 

3304 
3381 
3459 

3540 
3622 
3707 

3793 
3882 
3972 

4064 

4159 
4256 
4355 

4457 
4560 
4667 

4775 

4887 
5000 

5117 

5236 
5368 
6483 

6610 
5741 

5875 

6012 
6152 
6295 

6442 

6592 
6745 
6902 

7063 
7228 
7396 

7568 
7745 
7925 

8110 

8299 
8492 
8690 

8892 
9099 
9311 

9528 
9750 
9977 


12 3 


4 5 6 


7 8 9 


3162 

3236 
3311 
3388 

3467 
3548 
3631 

3715 
3802 
3890 


3170 

3243 
3319 
3396 

3475 
3556 
3639 

3724 
3811 
3899 


3199 

3273 
3350 
3428 

3508 
3589 
3673 

3758 
3846 
3936 

4027 

4121 
4217 
4315 

4416 
4519 
4624 

4732 
4842 
4955 

5070 

5188 

5309 

"5433 

5559 
5689 
5821 

5957 
6095 
6237 

6383 

6531 
6683 
6839 

6998 
7161 

7328 

7499 
7674 

7852 

8035 

8222 
8414 
8610 

8810 
9016 
9226 

9441 
9661 
9886 


3206 


112 


3 4 4 


5 6 7 


3281 
3357 
3436 

3516 
3597 
3681 

3767 
3856 
3945 


3289 
3365 
3443 

352* 
3606 
3690 

3776 
3864 
3954 


112 
112 
12 2 

12 2 
12 2 
12 2 

12 3 

12 3 
12 3 


3 4 4 
3 4 5 
3 4 5 

3 4 5 
3 4 5 
3 4 5 

3 4 5 

3 4 5 

4 5 5 


5 6 7 

5 6 7 

6 6 7 

6 6 7 
6 7 7 
6 7 8 

6 7 8 
6 7 8 
6 7 8 


.60 


3981 


3990 

4083 
4178 
4276 

4375 
4477 
4581 

4688 
4797 
4909 


3999 

wm 

4188 
4285 

4385 

4487 
4592 

4699 
4808 
4920 

5036 

5152 
5272 
5395 

5521 
5649 
5781 

5916 
6053 
6194 

6339 

6486 
6637 
6792 

6960 
7112 

7278 

7447 
7621 

7798 

7980 

8166 
8356 
8551 

8750 
8954 
9162 

9876 
9594 
9817 


4036 


4046 


12 3 


4 5 6 


7 8 8 


.61 
.62 
.63 

.64 
.65 

.66 

.67 
.68 
.69 


4074 
4169 
4266 

4366 
4467 
4671 

4677 
4786 
4898 


4130 
4227 
4325 

4426 
4529 
4634 

4742 
4853 
4966 

5082 

5200 
5321 
5445 

5572 
5702 
5834 

5970 
6109 
6252 

6397 

6546 
6699 
6855 

7015 

7178 
7345 

7516 
7691 
7870 

8054 

8241 
8433 
8630 

8831 
9036 
9247 

9462 
9683 
9908 


4140 
4236 
4335 

4436 
4539 
4645 

4753 
4864 

4977 

5093 

5212 
5333 
5458 

5585 
5715 
5848 

5984 
6124 
6266 

6412 

6561 
6714 
6871 

7031 
7194 
7362 

7534 
7709 
7889 

£072 

8260 
8453 
8650 

8851 
9057 
9268 

9484 
9705 
9931 


12 3 
12 3 
12 3 

12 3 
12 3 
12 3 

12 3 
12 3 
12 3 


4 5 6 
4 5 6 
4 5 6 

4 5 6 
4 5 6 
4 5 6 

4 5 7 

5 6 7 
5 6 7 


7 8 9 
7 8 9 
7 8 9 

7 8 9 
7 8 9 

7 9 10 

8 910 
8 910 
8 910 


70 


5012 


5023 

5140 
5260 
5383 

5508 
5636 
5768 

5902 
6039 
6180 


12 3 


5 6 7 


8 910 


.71 
.72 
.73 

.74 
.75 

.76 

.77 
.78 
.79 


5129 
5248 
5370 

5495 
5623 
5754 

5888 
6026 
6166 


12 4 
1 2 4 

13 4 

13 4 
13 4 
13 4 

13 4 
13 4 
13 4 


5 6 7 
5-6 7 
5 6 7 

5 6 8 
5 7 8 
5 7 8 

5 7 8 

6 7 8 
6 7 9 


81011 
910 11 
910 11 

91012 
91112 
91112 

10 11 12 
10 11 13 
10 11 13 


.80 

.81 
.82 
.83 

.84 
.85 
.86 

.87 
.88 
.89 


6310 

6457 
6607 
6761 

6918 
7079 
7244 

7413 
7586 
7762 


6324 

6471 
6622 
6776 

6934 
7096 
7261 

7430 
7603 

7780 

7962 


13 4 


6 7 9 


10 12 13 


2 3 5 
2 3 5 
2 3 5 

2 3 5 
2 3 5 
2 3 5 

2 4 5 
2 4 5 
2 4 6 


6 8 9 
6 8 9 

6 8 9 

7 810 
7 810 
7 810 

7 910 
7 911 
7 911 


11 12 14 

11 12 14 
11 13 14 

11 13 15 

12 13 15 
12 14 15 

12 14 16 

12 14 16 

13 15 16 


.90 

.91 
.92 
.93 

.94 
.95 

.96 

.97 
.98 
.99 


7943 


2 4 6 


7 911 


13 15 17 


8128 
8318 
8511 

8710 
8913 
9120 

9333 
9550 
9772 


8147 
8337 
8531 

8730 
8933 
9141 

9354 
9572 
9795 


2 4 6 
2 4 6 
2 4 6 

2 4 6 
2 4 6 
2 4 6 

2 4 6 
2 4 7 
2 5 7 


8 911 
810 12 
81012 

8 10 12 

8 10 12 
91113 

9 11 13 
911 13 
91114 


13 15 17 

14 15 17 
14 16 18 

14 16 18 

15 17 19 
15 17 19 

15 17 19 

16 18 20 
16 18 21 



6 



Table C— Four Place Trigonometric Functions 



[c 



[Characteristics of Logarithms omitted — 


determine by the usual rule from the value] 


RiniAVfi 


Deoseeb 


Sine 


Tangent 


Cotangent 


Cosine 






ItAUl i\AlO 


as j*\x i> rjano 


Value 


Logio 


Value 


Logio 


Value 


I>°gio 


Value 


Logio 






.0000 
.0029 


0°00' 

10 


.0000 
.0029 




.0000 
.0029 








1 0000 


0000 


90° 00' 


1 5708 


.4637 


.4637 


343.77 


.5363 


A« WW 

1.0000 


• WW 

.0000 


%0 ^0 ^7^0 

50 


A *Kr 1 W 

1.5679 


.0058 


20 


.0058 


.7648 


.0058 


.7648 


171.89 


.2352 


1.0000 


.0000 


40 


1.5650 


.0087 


30 


.0087 


.9408 


.0087 


.9409 


114.59 


.0591 


1.0000 


.0000 


30 


1.5621 


.0116 


40 


.0116 


.0658 


.0116 


.0658 


85.940 


.9342 


.9999 


.0000 


20 


1.5592 


.0145 


50 


.0145 


.1627 


.0145 


.1627 


68.750 


.8373 


.9999 


.0000 


10 


1.5563 


.0175 


1°00' 


.0175 


.2419 


.0175 


.2419 


57.290 


.7581 


.9998 


.9999 


89° 00' 


1.5533 


.0204 


10 


.0204 


.3088 


.0204 


.3089 


49.104 


.6911 


.9998 


.9999 


50 


1.5504 


.0233 


20 


.0233 


.3668 


.0233 


.3669 


42.964 


.6331 


.9997 


.9999 


40 


1.5475 


.02w2 


30 


.0262 


.4179 


.0262 


.4181 


38.188 


.5819 


.9997 


.9999 


30 


1.5446 


.0291 


40 


.0291 


.4637 


.0291 


.4638 


34.368 


.5362 


.9996 


.9998 


20 


1.5417 


.0320 


50 


.0320 


.5050 


.0320 


.5053 


31.242 


.4947 


.9995 


.9998 


10 


1.5388 


.0349 


2° 00' 


.0349 


.5428 


.0349 


.5431 


28.636 


.4569 


.9994 


.9997 


88° 00' 


1.5359 


.0378 


10 


.0378 


.5776 


.0378 


.5779 


26.432 


.4221 


.9993 


.9997 


50 


1.5330 


.0407 


20 


.0407 


.6097 


.0407 


.6101 


24.542 


.3899 


.9992 


.9996 


40 


1.5301 


.0436 


30 


.0436 


.6397 


.0437 


.6401 


22.904 


.3599 


.9990 


.9996 


30 


1.5272 


.0465 


40 


.0465 


.6677 


.0466 


.6682 


21.470 


.3318 


.9989 


.9995 


20 


1.5243 


.0495 


50 


.0494 


.6940 


.0495 


.6945 


20.206 


.3055 


.9988 


.9995 


10 


1.5213 


.0524 


3° 00' 


.0523 


.7188 


.0524 


.7194 


19.081 


.2806 


.9986 


.9994 


87° 00' 


1.5184 


.0553 


10 


.0552 


.7423 


.0553 


.7429 


18.075 


.2571 


.9985 


.£993 


50 


1.5155 


.0582 


20 


.0581 


.7645 


.0582 


.7652 


17.169 


.2348 


.9983 


.9993 


40 


1.5126 


.0611 


30 


.0610 


.7857 


.0612 


.7865 


16.350 


.2135 


.9981 


.9992 


30 


1.5097 


.0640 


40 


.0640 


.8059 


.0641 


.8067 


15.605 


.1933 


.9980 


.9991 


20 


1.5068 


.0669 


50 


.0669 


.8251 


.0670 


.8261 


14.924 


.1739 


.9978 


.yyyo 


10 


1.5039 


.0698 


4° 00' 


.0698 


.8436 


.0699 


.8446 


14.301 


.1554 


.9976 


.9989 


86° 00' 


1.5010 


.0727 


10 


.0727 


.8613 


.0729 


.8624 


13.727 


.1376 


.9974 


.9989 


50 


1.4981 


.0756 


20 


.0756 


.8783 


.0758 


.8795 


13.197 


.1205 


.9971 


.9988 


40 


1.4952 


.0785 


30 


.0785 


.8946 


.0787 


.8960 


12.706 


.1040 


.9969 


.9987 


30 


1.4923 


.0814 


40 


.0814 


.9104 


.0816 


.9118 


12.251 


.0882 


.9967 


.9986 


20 


1.4893 


.0844 


50 


.0843 


.9256 


.0846 


.9272 


11.826 


.0728 


.9964 


.9985 


10 


1.4864 


.0873 


5° 00' 


.0872 


.9403 


.0875 


.9420 


11.430 


.0580 


.9962 


.9983 


85° 00' 


1.4835 


.0902 


10 


.0901 


.9545 


.0904 


.9563 


11.059 


.0437 


.9959 


.9982 


50 


1.4806 


.0931 


20 


.0929 


.9682 


.0934 


.9701 


10.712 


.0299 


.9957 


.9981 


40 


1.4777 


.0960 


30 


.0958 


.9816 


.0963 


.9836 


10.385 


.0164 


.9954 


.9980 


30 


1.4748 


.0989 


40 


.0987 


.9945 


.0992 


.9966 


10.078 


.0034 


.9951 


.9979 


20 


1.4719 


.1018 


50 


.1016 


.0070 


.1022 


.0093 


9.7882 


.9907 


.9948 


.9977 


10 


1.4690 


.1047 


6° 00' 


.1045 


.0192 


.1051 


.0216 


9.5144 


.9784 


.9945 


.9976 


84° 00' 


1.4661 


.1076 


10 


.1074 


.0311 


.1080 


.0336 


9.2553 


.9664 


.9942 


.9975 


50 


1.4632 


.1105 


20 


.1103 


.0426 


.1110 


.0453 


9.0098 


.9547 


.9939 


.9973 


40 


1.4603 


.1131 


30 


.1132 


.0539 


.1139 


.0567 


8.7769 


.9433 


.9936 


.9972 


30 


1.4573 


.1164 


40 


.1161 


.0648 


.1169 


.0678 


8.5555 


.9322 


.9932 


.9971 


20 


1.4544 


.1193 


50 


.1190 


.0755 


.1198 


.0786 


8.3450 


.9214 


.9929 


.9969 


10 


1.4515 


.1223 


7° 00' 


.1219 


.0859 


.1228 


.0891 


8.1443 


.9109 


.9925 


.9968 


88° 00' 


1.4486 


.1251 


10 


.1248 


.0961 


.1257 


.0995 


7.9530 


.9005 


.9922 


.9966 


50 


1.4457 


.1280 


20 


.1276 


.1060 


.1287 


.1096 


7.7704 


.8904 


.9918 


.9964 


40 


1.4428 


.1309 


30 


.1305 


.1157 


.1317 


.1194 


7.5958 


.8806 


.9914 


.9963 


30 


1.4399 


.1338 


40 


.1334 


.1252 


.1346 


.1291 


7.4287 


.8709 


.9911 


.9961 


20 


1.4370 


.13(57 


50 


.1363 


.1345 


.1376 


.1385 


7.2687 


.8615 


.9907 


.9959 


10 


1.4341 


.1396 


8° 00' 


.1392 


.1436 


.1405 


.1478 


7.1154 


.8522 


.9903 


.9958 


82° 00' 


1.4312 


.1425 


10 


.1421 


.1525 


.1435 


.1569 


6.9682 


.8431 


.9899 


.9956 


50 


1.4283 


.1454 


20 


.1449 


.1612 


.1465 


.1658 


6.8269 


.8342 


.9894 


.9954 


40 


1.4254 


.148-1 


30 


.1478 


.1697 


.1495 


.1745 


6.6912 


.8255 


.9890 


.9952 


30 


1.4224 


.1513 


40 


.1507 


.1781 


.1524 


.1831 


6.5606 


.8169 


.9886 


.9950 


20 


1.4195 


.1542 


50 


.1536 


.1863 


.1554 


.1915 


6.4348 


.8085 


.9881 


.9948 


10 


1.4166 


.1571 


9° 00' 


.1564 


.1943 


.1584 


.1997 


6.3138 


.8003 


.9877 


.9946 


81° 00' 


1.4137 






Value 


Log 10 


Value 


Loir 10 


Value 


Log 10 


Value 


Log 10 


Degrees 


Radianf 






Cosine 


Cotangent 


Tana 


KNT 


Sink 







c] Four Place Trigonometric Functions 

[Characteristics of Logarithms omitted — determine by the usual rule from the value] 



R A DIANA 


Degrees 


Sins 


Tangent 


Cotangent 


Cosine 






UAl/tA^' O 


M^ 4Wa Mm-MM u Kf 


Value 


Logio 


Value 


Logio 


Value 


Log 10 


Value 


Lo?io 






.1571 


9° 00' 


.1564 


.1943 


.1584 


.1997 


6.3138 


.8003 


.9877 


.9946 


81° 00' 


1.4137 


.1600 


10 


.1593 


.2022 


.1614 


.2078 


6.1970 


.7922 


.9872 


.9944 


50 


1.4108 


.1629 


20 


.1622 


.2100 


.1644 


.2158 


6.0844 


.7842 


.9868 


.9942 


40 


1.4079 


.1658 


30 


.1650 


.2176 


.1673 


.2236 


5.9758 


.7764 


.9863 


.9940 


30 


1.4050 


.1687 


40 


.1679 


.2251 


.1703 


.2313 


5.8708 


.7687 


.9858 


.9938 


20 


1.4021 


.1716 


50 


.1708 


.2324 


.1733 


.2389 


5.7694 


.7611 


.9853 


.9936 


10 


1.3992 


.1745 


10° 00' 


.1736 


.2397 


.1763 


.2463 


5.6713 


.7537 


.9848 


.9934 


80° 00' 


1.3963 


.1774 


10 


.1765 


.2468 


.1793 


.2536 


5.5764 


.7464 


.9843 


.9931 


50 


1.3934 


.1804 


20 


.1794 


.2538 


.1823 


.2609 


5.4845 


.7391 


.9838 


.9929 


40 


1.3904 


.1833 


30 


.1822 


.2606 


.1853 


.2680 


5.3955 


.7320 


.9833 


.9927 


30 


1.3875 


.1862 


40 


.1851 


.2674 


.1883 


.2750 


5.3093 


.7250 


.9827 


.9924 


20 


1.3846 


.1891 


50 


.1880 


.2740 


.1914 


.2819 


5.2257 


.7181 


.9822 


.9922 


10 


1.3817 


.1920 


11° 00' 


.1908 


.2806 


.1944 


.2887 


5.1446 


.7113 


.9816 


.9919 


79° 00' 


1.3788 


.1949 


10 


.1937 


.2870 


.1974 


.2953 


5.0658 


.7047 


.9811 


.9917 


50 


1.3759 


.1978 


20 


.1965 


.2934 


.2004 


.3020 


4.9894 


.6980 


.9805 


.9914 


40 


1.3730 


.2007 


30 


.1994 


.2997 


.2035 


.3085 


4.9152 


.6915 


.9799 


.9912 


30 


1.3701 


.2036 


40 


.2022 


.3058 


.2065 


.3149 


4.8430 


.6851 


.9793 


.yyuy 


20 


1.3672 


.2065 


50 


.2051 


.3119 


.2095 


.3212 


4.7729 


.6788 


.9787 


.9907 


10 


1.3643 


.2094 


12° 00' 


.2079 


.3179 


.2126 


.3275 


4.7046 


.6725 


.9781 


.9904 


78° 00' 


1.3614 


.2123 


10 


.2108 


.3238 


.2156 


.3336 


4.6382 


.6664 


.9775 


.9901 


50 


1.3584 


.2153 


20 


.2136 


.3296 


.2186 


.3397 


4.5736 


.6603 


.9769 


.9899 


40 


1.3555 


.2182 


30 


.2164 


.3353 


.2217 


.3458 


4.5107 


.6542 


.9763 


.9896 


30 


1.3526 


.2211 


40 


.2193 


.3410 


.2247 


.3517 


4.4494 


.6483 


.9757 


.9893 


20 


1.3497 


.2240 


50 


.2221 


.3466 


.2278 


.3576 


4.3897 


.6424 


.9750 


.9890 


10 


1.3468 


.2269 


13° 00' 


.2250 


.3521 


.2309 


.3634 


4.3315 


.6366 


.9744 


.9887 


77° 00' 


1.3439 


.2298 


10 


.2278 


.3575 


.2339 


.3691 


4.2747 


.6309 


.9737 


.9884 


50 


1.3410 


.2327 


20 


.2306 


.3629 


.2370 


.3748 


4.2193 


.6252 


.9730 


.9881 


40 


1.3381 


.2&56 


30 


.2334 


.3682 


.2401 


.3804 


4.1653 


.6196 


.9724 


.9878 


30 


1.3352 


.2385 


40 


.2363 


.3734 


.2432 


.3859 


4.1126 


.6141 


.9717 


.9875 


20 


1.3323 


.2414 


50 


.2391 


.3786 


.2462 


.3914 


4.0611 


.6086 


.9710 


.9872 


10 


1.3294 


.2443 


14° 00' 


.2419 


.3837 


.2493 


.3968 


4.0108 


.6032 


.9703 


.9869 


76° 00' 


1.3265 


.2473 


10 


.2447 


.3887 


.2524 


.4021 


3.9617 


.5979 


.9696 


.9866 


50 


1.3235 


.2502 


20 


.2476 


.3937 


.2555 


.4074 


3.9136 


.5926 


.9689 


.9863 


40 


1.3206 


.2531 


30 


.2504 


.3986 


.2586 


.4127 


3.8667 


.5873 


.9681 


.9859 


30 


1.3177 


.2560 


40 


.2532 


.4035 


.2617 


.4178 


3.8208 


.5822 


.9674 


.9856 


20 


1.3148 


.2589 


50 


.2560 


.4083 


.2648 


.4230 


3.7760 


.5770 


.91367 


.9853 


10 


1.3119 


.2618 


15° 00' 


.2588 


.4130 


.2679 


.4281 


3.7321 


.5719 


.9659 


.9849 


75° 00' 


1.3090 


.2647 


10 


.2616 


.4177 


.2711 


.4331 


3.6891 


.5669 


.9652 


.9846 


50 


1.3061 


.2676 


20 


.2644 


.4223 


.2742 


.4381 


3.6470 


.5619 


.9644 


.9643 


40 


1.3032 


.2705 


30 


.2672 


.4269 


.2773 


.4430 


3.6059 


.5570 


.9636 


.9839 


30 


1.3003 


.2734 


40 


.2700 


.4314 


.2805 


.4479 


3.5656 


.5521 


.9628 


• •WOO 


20 


1.2974 


.2763 


50 


.2728 


.4359 


.2836 


.4527 


3.5261 


.5473 


.9621 


.9832 


10 


1.2945 


.2793 


16° 00' 


.2756 


.4403 


.2867 


.4575 


3.4874 


.5425 


.9613 


.9828 


74° 00' 


1.2915 


.2822 


10 


.2784 


.4447 


.2899 


.4622 


3.4495 


.5378 


.9605 


.9825 


50 


1.2886 


.2851 


20 


.2812 


.4491 


.2931 


.4669 


3.4124 


.5331 


.9596 


.9821 


40 


1.2857 


.2880 


30 


.2840 


.4533 


.2962 


.4716 


3.3759 


.5284 


.9588 


.9817 


30 


1.2828 


.2909 


40 


.2868 


.4576 


.2994 


.4762 


3.3402 


.5238 


.9580 


.9814 


20 


1.2799 


.2938 


50 


.2896 


.4618 


.3026 


.4808 


3.3052 


.5192 


.9572 


.9810 


10 


1.2770 


.2967 


17° 00' 


.2924 


.4659 


.3057 


.4853 


3.2709 


.5147 


.9563 


• »7oUO 


78° 00' 


1.2741 


.2996 


10 


.2952 


.4700 


.3089 


.4898 


3.2371 


.5102 


.9555 


.9802 


50 


1.2712 


.3025 


20 


.2979 


.4741 


.3121 


.4943 


3.2041 


.5057 


.9546 


.9798 


40 


1.2683 


.3054 


30 


.3007 


.4781 


.3153 


.4987 


3.1716 


.5013 


.9537 


.9794 


30 


1.2654 


.3083 


40 


.3035 


.4821 


.3185 


.5031 


3.1397 


.4969 


.9528 


.9790 


20 


1.2625 


.3113 


50 


.3062 


.4861 


.3217 


.5075 


3.1084 


.4925 


.9520 


.9786 


10 


1.2595 


.3142 


18° 00' 


.3090 


.4900 


.3249 


.5118 


3.0777 


.4882 


.9511 


.9782 


72° 00' 


1.2566 


, 




Value 


Lo&io 


Value 


Lo?io 


Value 


L°Sio 


Value 


LofiTio 


Degrees 


Radians 




Cosine 


Cotangent 


Tangent 


Sine 







8 



Four Place Trigonometric Functions 



[c 



[Characteristics of Logarithms omitted — determine by the usual rale from the value! 


■ 

Rath am 


DlAHIA 


Bins 


Tangent 


Cotangent 


Cosine 






A«A1FA AJ1 V 


A/AVMSaO 


Value 


Logio 


Value Logic 


Value 


Log M 


Value 


Loffio 






.3142 


18° 00' 


•doyo 


.4900 


.3249 .5118 


3.0777 


.4882 


.9511 


.9782 


72° 00' 


1.2566 


.3171 


10 


.3118 


.4939 


.3281 .5161 


3.0475 


.4839 


.9502 


.9778 


50 


1.2537 


.3200 


20 


.3145 


.4977 


.3314 .5203 


3.0178 


.4797 


.9492 


.9774 


40 


1.2508 


.3229 


30 


.3173 


.5015 


.3346 .5245 


2.9887 


.4755 


.9183 


.9770 


30 


1.2479 


.3258 


40 


.3201 


.5052 


.3378 .5287 


2.9600 


.4713 


.9474 


.9765 


20 


1.2450 


.3287 


50 


.3228 


.5090 


.3411 .5329 


2.9319 


.4671 


.9465 


.9761 


10 


1.2421 


.3316 


19° 00' 


.3256 


.5126 


.3443 .5370 


2.9042 


.4630 


.9455 


.9757 


71° 00' 


1.2392 


.3345 


10 


.3283 


.5163 


.3476 .5411 


2.8770 


.4589 


.9446 


.9752 


50 


1.2363 


.3374 


20 


.3311 


.5199 


.3508 .5451 


2.8502 


.4549 


.9436 


.9748 


40 


1.2334 


.3403 


30 


.3338 


.5235 


.3541 .5491 


2.8239 


.4509 


.9426 


.9743 


30 


1.2305 


.3432 


40 


.3365 


.5270 


.3574 .5531 


2.7980 


.4469 


.9417 


.9739 


20 


1.2275 


.3462 


50 


.3393 


.5306 


.3607 .5571 


2.7725 


.4429 


.9407 


.9734 


10 


1.2246 


.3491 


80° 00' 


.3420 


.5341 


.3640 .5611 


2.7475 


.4389 


.9397 


.9730 


70° 00' 


1.2217 


.3520 


10 


.3448 


.5375 


.3673 .5650 


2.7228 


.4350 


.9387 


.9725 


50 


1.2188 


.3549 


20 


.3475 


.5409 


.3706 .5689 


2.6985 


.4311 


.9377 


.9721 


40 


1.2159 


.3578 


30 


.3502 


.5443 


.3739 .5727 


2.6746 


.4273 


.9367 


.9716 


30 


1.2130 


.3607 


40 


.3529 


.5477 


.3772 .5766 


2.6511 


.4234 


.9356 


.9711 


20 


1.2101 


.OOOO 


50 


.3557 


.5510 


.3805 .5804 


2.6279 


.4196 


.9346 


.9706 


10 


1.2072 


.3665 


21° 00' 


.3584 


.5543 


.3839 .5842 


2.6051 


.4158 


.9336 


,9702 


69° 00' 


1.2043 


.3694 


10 


.3611 


.5576 


.3872 .5879 


2.5826 


.4121 


.9325 


.9697 


50 


1.2014 


.3723 


20 


.3638 


.5609 


.3906 .5917 


2.5605 


.4083 


.9315 


.9692 


40 


1.1985 


.3752 


30 


.3665 


.5641 


.3939 .5954 


2.5386 


.4046 


.9304 


.9687 


30 


1.1956 


.3782 


40 


.3692 


.5673 


.3973 .5991 


2.5172 


.4009 


.9293 


.9682 


20 


1.1926 


.3811 


50 


.3719 


.5704 


.4006 .6028 


2.4960 


.3972 


.9283 


.9677 


10 


1.1897 


.3840 


22° 00' 


.3746 


.5736 


.4040 .6064 


2.4751 


.3936 


.9272 


.9672 


68° 00' 


1.1868 


.38(59 


10 


.3773 


.5767 


.4074 .6100 


2.4545 


.3900 


.9261 


.9667 


50 


1.1839 


.3898 


20 


.3800 


.5798 


.4108 .6136 


214342 


.3864 


.9250 


.9661 


40 


1.1810 


.3J»27 


30 


.15827 


.5828 


.4142 .6172 


2.4142 


.3828 


.9239 


.9656 


30 


1.1781 


.3956 


40 


.3854 


.5859 


.4176 .6208 


2.3945 


.3792 


.9228 


.9651 


20 


1.1752 


.3985 


50 


.3881 


.5889 


.4210 .6243 


2.3750 


.3757 


.9216 


.9646 


10 


1.1723 


.4014 


23° 00' 


.3907 


.5919 


.4245 .6279 


2.3559 


.3721 


.9205 


.9640 


67° 00' 


1.1694 


.4043 


10 


.3934 


.5948 


.4279 .6314 


2.3369 


.3686 


.9194 


.9635 


50 


1.1665 


.4072 


20 


.3961 


.5978 


.4314 .6348 


2.3183 


.3652 


.9182 


.9629 


40 


1.1636 


.4102 


30 


.3987 


.6007 


.4^548 .6383 


2.2998 


.3617 


.9171 


.9624- 


30 


1.1606 


.4131 


40 


.4014 


.6036 


.4383 .(5417 


2.2817 


.3583 


.9159 


.9618 


20 


1.1577 


.4160 


50 


.4041 


.6065 


.4417 .6452 


2.2637 


.3548 


.9147 


.9613 


10 


1.1548 


.4189 


24° 00' 


.4067 


.6093 


.4452 .6486 


2.2460 


.3514 


.9135 


.9607 


66° 00' 


1.1519 


.4218 


10 


.4094 


.6121 


.4487 .6520 


2.2286 


.3480 


.9124 


.9602 


50 


1.1490 


.4247 


20 


.4120 


.6149 


.4522 .6553 


2.2113 


.3447 


.9112 


.9596 


40 


1.1461 


.4276 


30 


.4147 


.6177 


.4557 .6587 


2.1943 


.3413 


.9100 


.9590 


30 


1.1432 


.4305 


40 


.4173 


.6205 


.4592 .6620 


2.1775 


.3380 


.9088 


.9584 


20 


1.1403 


.4334 


50 


.4200 


.6232 


.4628 .6654 


2.1609 


.3346 


.9075 


.9579 


10 


1.1374 


.4363 


25° 00' 


.4226 


.6259 


.4663 .6687 


2.1445 


.3313 


.9063 


.9573 


65° 00' 


1.1345 


.4392 


10 


.4253 


.6286 


.4699 .6720 


2.1233 


.3280 


.9051 


.95(57 


50 


1.1316 


.4422 


20 


.4279 


.6313 


.4734 .6752 


2.1123 


.3248 


.9038 


.9561 


40 


1.1286 


.4451 


30 


.4305 


.6340 


.4770 .6785 


2.0965 


.3215 


.9026 


.9555 


30 


1.1257 


.4480 


40 


.4331 


.6366 


.4806 .6817 


2.0809 


.3183 


.9013 


.9549 


20 


1.1228 


.4509 


50 


.4358 


.6392 


.4841 .6850 


2.0655 


.3150 


.9001 


.9543 


10 


1.1199 


.4538 


26° 00' 


.4384 


.6418 


.4877 .6882 


2.0503 


.3118 


.8y8o 


.9537 


04° 00' 


1.1170 


.4567 


10 


.4410 


.6444 


.4913 .6914 


2.0353 


.3086 


.8975 


.9530 


50 


1.1141 


.4596 


20 


.4436 


.6470 


.4950 .6946 


2.0204 


.3054 


.8962 


.9524 


40 


1.1112 


.4625 


30 


.4462 


.6495 


.4986 .(5977 


2.0057 


.3023 


.8949 


.9518 


30 


1.1083 


.4(554 


40 


.4488 


.6521 


.5022 .7009 


1.9912 


.2991 


.8936 


.9512 


20 


1.1054 


.468!) 


50 


.4514 


.6546 


.5059 .7040 


1.9768 


.2960 


.8923 


.9505 


10 


1.1025 


.4712 


27° 00' 


.4540 


.6570 


.5095 .7072 


1.9626 


.2928 


.8910 


.9499 


68° 00' 


1.0996 






Value 


Log,o 


Value Loffio 


Value 


Log 10 


Value 


Loffio 


Degress 


Radians 






Cosine 


Cotangent 


Tangent 


Sine 







C] 



Four Place Trigonometric Functions 



[Characteristics of Logarithms omitted — determine by the usual rule from the value] 


Radians 


DXOSKBS 


Sins 


Tangent 


Cotangent 


OOSINB 






M*W MM*Mr MUi ** 


M-* Mm*& Mm MM mu 


Value 


Logjo 


Value 


Wio 


Value Log 10 


Value 


Logio 






.4712 


27° 00' 


.4540 


.6570 


.5095 


.7072 


1.9626 .2928 


.8910 


.9499 


63° 00' 


1.0996 


.4741 


10 


.4566 


.6595 


.5132 


.7103 


1.9486 .2897 


.8897 


.9492 


50 


1.0966 


.4771 


20 


.4592 


.6620 


.5169 


.7134 


1.9347 .2866 


.8884 


.y4oo 


40 


1.0937 


.4800 


30 


.4617 


.6644 


.5206 


.7165 


1.9210 .2835 


.8870 


.9479 


30 


1.0908 


.4829 


40 


.4643 


.6668 


.5243 


.7196 


1.9074 .2804 


.8857 


.9473 


20 


1.0879 


.4858 


50 


.4669 


.6692 


.5280 


.7226 


1.8940 .2774 


.8843 


.9466 


10 


1.0850 


.4887 


28° 00' 


.4695 


.6716 


.5317 


.7257 


1.8807 .2743 


.8829 


.9459 


62° 00' 


1.0821 


.4916 


10 


.4720 


.6740 


.5354 


.7287 


1.8676 .2713 


.8816 


.9453 


50 


1.0792 


.4945 


20 


.4746 


.6763 


.5392 


.7317 


1.8546 .2683 


.8802 


.9446 


40 


1.0703 


.4974 


30 


.4772 


.6787 


.5430 


.7348 


1.8418 .2652 


.8788 


.9439 


30 


1.0734 


.5003 


40 


.4797 


.6810 


.5467 


.7378 


1.8291 .2622 


.8774 


.9432 


20 


1.0705 


.5032 


50 


.4823 


.6833 


.5505 


.7408 


1.8165 .2592 


.8760 


.9425 


10 


1.0676 


.5061 


29° 00' 


.4848 


.6856 


.5543 


.7438 


1.8040 .2562 


.8746 


.9418 


61° 00' 


1.0647 


.5091 


10 


.4874 


.6878 


.5581 


.7467 


1.7917 .2533 


.8732 


.9411 


50 


1.0617 


.5120 


20 


.4899 


.6901 


.5619 


.7497 


1.7796 .2503 


.8718 


.9404 


40 


1.0588 


.5149 


30 


.4924 


.6923 


.5658 


.7526 


1.7675 .2474 


.8704 


.9397 


30 


1.0559 


.5178 


40 


.4950 


.6946 


.5(596 


.7556 


1.7556 .2444 


.8089 


.9390 


20 


1.0530 


.5207 


50 


.4975 


.6968 


.5735 


.7585 


1.7437 .2415 


.8675 


.9383 


10 


1.0501 


.5236 


30° 00' 


.5000 


.6990 


.5774 


.7614 


1.7321 .2386 


.8660 


.9375 


60° 00' 


1.0472 


.5265 


10 


.5025 


.7012 


.5812 


.7044 


1.7205 .2356 


.8646 


.9368 


50 


1.0443 


.5294 


20 


.5050 


.7033 


.5851 


.7673 


1.7090 .2327 


.8631 


.9361 


40 


1.0414 


.5323 


30 


.5075 


.7055 


.5890 


.7701 


1.6977 .2299 


.8616 


.9353 


30 


1.0385 


.5352 


40 


.5100 


.7070 


.5930 


.7730 


1.6864 .2270 


.8601 


.9346 


20 


1.0356 


.5381 


50 


.5125 


.7097 


.5969 


.7759 


1.6753 .2241 


.8587 


.9338 


10 


1.0327 


.5411 


31° 00' 


.5150 


.7118 


.6009 


.7788 


1.6643 .2212 


.8572 


.9331 


59° 00' 


1.0297 


.5440 


10 


.5175 


.7139 


.6048 


.7816 


1.6534 .2184 


.8557 


.9323 


50 


1.0268 


.5469 


20 


.5200 


.7160 


.6088 


.7845 


'1.6426 .2155 


.8542 


.9315 


40 


1.0239 


.5498 


30 


.5225 


.7181 


.6128 


.7873 


1.6319 .2127 


.8526 


.9308 


30 


1.0210 


.5527 


40 


.5250 


.7201 


.6168 


.7902 


1.6212 .2098 


.8511 


.9300 


20 


1.0181 


.5556 


50 


.5275 


.7222 


.6208 


.7930 


1.6107 .2070 


.8496 


.9292 


10 


1.0152 


.5585 


32° 00' 


.5299 


.7242 


.6249 


.7958 


1.6003 .2042 


.8480 


.9284 


58° 00' 


1.0123 


.5614 


10 


.5324 


.7262 


.6289 


.7986 


1.5900 .2014 


.8465 


.9270 


50 


1.0094 


.5643 


20 


.5348 


.7282 


.6330 


.8014 


1.5798 .1986 


.8450 


.9268 


40 


1.0065 


.5672 


30 


.5373 


.7302 


.6371 


.8042 


1.5697 .1958 


.8434 


.9260 


30 


1.0036 


.5701 


40 


.5398 


.7322 


.6412 


.8070 


1.5597 .1930 


.8418 


.9252 


20 


1.0007 


.5730 


50 


.5422 


.7342 


.6453 


.8097 


1.5497 .1903 


.8403 


.9244 


10 


.9977 


.5760 


33° 00' 


.5446 


.7361 


.6494 


.8125 


1.5399 .1875 


.8387 


.9236 


57° 00' 


.9948 


.5789 


10 


.5471 


.7380 


.6536 


.8153 


1.5301 .1847 


.8371 


.9228 


50 


.9919 


.5818 


20 


.5495 


.7400 


.6577 


.8180 


1.5204 .1820 .8355 


.9219 


40 


.yoyo 


.5847 


30 


.5519 


.7419 


.6619 


.8208 


1.5108 .1792 


.8339 


.9211 


30 


.9861 


.5876 


40 


.5544 


.7438 


.6661 


.8235 


1.6013 .1765 


.8323 


.9203 


20 


.9832 


.5905 


50 


.5568 


.7457 


.6703 


.8263 


1.4919 .1737 


.8307 


.9194 


10 


.9803 


.5934 


34° 00' 


.5592 


.7476 


.6745 


.8290 


1.4826 .1710 


.8290 


.9186 


56° 00' 


.9774 


.5963 


10 


.5616 


.7494 


.6787 


.8317 


1.4733 .1683 


.8274 


.9177 


50 


.9745 


.5992 


20 


.5640 


.7513 


.6830 


18344 


1.4641 .1656 


.8258 


.9169 


40 


.9716 


.6021 


30 


.5664 


.7531 


.6873 


.8371 


1.4550 .1629 


.8241 


.9160 


30 


.9687 


.6050 


40 


.5688 


.7550 


.6916 


.8398 


1.4460 .1602 .8225 


.9151 


20 


.9657 


.6080 


50 


.5712 


.7568 


.6959 


.8425 


1.4370 .1575 


.8208 


.9142 


10 


.9628 


.6109 


35° 00' 


.5736 


.7586 


.7002 


.8452 


1.4281 .1548 


.8192 


.9134 


55° 00' 


.9599 


.6138 


10 


.5760 


.7604 


.7040 


.8479 


1.4193 .1521 


.8175 


.9125 


50 


.9570 


.6167 


20 


.5783 


.7622 


.7089 


.8500 


1.4106 .1494 


.8158 


.9116 


40 


.9541 


.6196 


30 


.5807 


.7040 


.7133 


.8533 


1.4019 .1467 


.8141 


.9107 


30 


.9512 


.6225 


40 


.5831 


.7657 


.7177 


.8559 


1.3934 .1441 


.8124 


.90*« 


20 


.9483 


.6254 • 


50 


.5854 


.7675 


.7221 


.8586 


1.3848 .1414 


.8107 


.9089 


10 


.9454 


.6283 


36° 00' 


.5878 


.7692 


.7265 


.8613 


1.37(54 .1387 


.8090 


.9080 


54° 00' 


.9425 






Value 


Loffio 


Value 


Lo*io 


Value Log 10 


Value 


Loir 10 


Deoekka 


Radian* 






Cobinb 


Cotangent 


Tangent ' Sink 


1 



10 Four Place Trigonometric Functions [c 

[Characteristics of Logarithms omitted —determine by the usual rule from the value] 



KADIAN8 


Degrees 


Sine 
Value Log 10 


Tangent 
Value Log 10 


Cotangent 
Value Log 10 


Cosine 
Value Logr 10 






.6283 


36° 00' 


.5878 


.7692 


.7265 


.8613 


1.3764 


.1387 


.8090 


.yuou 


54° 00' 


.9425 


.6312 


10 


.5901 


.7710 


.7310 


.8639 


1.3680 


.1361 


.8073 


.9070 


50 


.9396 


.6341 


20 


.5925 


.7727 


.7355 


.8666 


1.3597 


.1334 


.8056 


.9061 


40 


.9367 


.6370 


30 


.5948 


.7744 


.7400 


.8692 


1.3514 


.1308 


.8039 


.9052 


30 


.yooo 


.6400 


40 


.5972 


.7761 


.7445 


.8718 


1.3432 


.1282 


.8021 


.9042 


20 


.9308 


.6429 


50 


.5995 


.7778 


.7490 


.8745 


1.3351 


.1255 


.8004 


.9033 


10 


.9279 


.6458 


37° 00' 


.6018 


.7795 


.7536 


.8771 


1.3270 


.1229 


.7986 


.9023 


58° 00' 


.9250 


.6487 


10 


.6041 


.7811 


.7581 


.8797 


1.3190 


.1203 


.7969 


.9014 


50 


.9221 


.6516 


20 


.6065 


.7828 


.7627 


.8824 


1.3111 


.1176 


.7951 


.9004 


40 


.9192 


.6545 


30 


.6088 


.7844 


.7673 


.8850 


1.3032 


.1150 


.7934 


.8995 


30 


.9163 


.6574 


40 


.6111 


.7861 


.7720 


.8876 


1.2954 


.1124 


.7916 


.8985 


20 


.9134 


.6603 


50 


.6134 


.7877 


.7766 


.8902 


1.2876 


.1098 


.7898 


.8975 


10 


.9105 


.6632 


88° 00' 


.6157 


.7893 


.7813 


.8928 


1.2799 


.1072 


.7880 


.8965 


52° 00' 


.9076 


.6661 


10 


.6180 


.7910 


.7860 


.8954 


1.2723 


.1046 


.7862 


.8955 


50 


.9047 


.6690 


20 


.6202 


.7926 


.7907 


.8980 


1.2647 


.1020 


.7844 


.8945 


40 


.9018 


.6720 


30 


.6225 


.7941 


.7954 


.9006 


1.2572 


.0994 


.7826 


.8935 


30 


.8988 


.6749 


40 


.6248 


.7957 


.8002 


.9032 


1.2497 


.0968 


.7808 


.8925 


20 


.8959 


.6778 


50 


.6271 


.7973 


.8050 


.9058 


1.2423 


.0942 


.7790 


.8915 


10 


.8930 


.6807 


39° 00' 


.6293 


.7989 


.8098 


.9084 


1.2349 


.0916 


.7771 


.8905 


51° 00' 


.8901 


.6836 


10 


.6316 


.8004 


.8146 


.9110 


1.2276 


.0890 


.7753 


.8895 


50 


.8872 


.6865 


20 


.6338 


.8020 


.8195 


.9135 


1.2203 


.0865 


.7735 


.88*4 


40 


.8843 


.68i)4 


30 


.6361 


.8035 


.8243 


.9161 


1.2131 


.0839 


.7716 


.8874 


30 


.8814 


.6923 


40 


.6383 


.8050 


.8292 


.9187 


1.2059 


.0813 


.7698 


.8864 


20 


.8785 


.6952 


50 


.6406 


.8066 


.8342 


.9212 


1.1988 


.0788 


.7679 


.8853 


10 


.8756 


.6981 


40° 00' 


.6428 


.8081 


.8391 


.9238 


1.1918 


.0762 


.7660 


.8843 


50° 00' 


.8727 


.7010 


10 


.6450 


.8096 


.8441 


.9264 


1.1847 


.0736 


.7642 


.8832 


50 


.8698 


.7039 


20 


.6472 


.8111 


.8491 


.9289 


1.1778 


.0711 


.7623 


.8821 


40 


.8668 


.7069 


30 


.6494 


.8125 


.8541 


.9315 


1.1708 


.0685 


.7604 


.8810 


30 


.8639 


.7098 


40 


.6517 


.8140 


.8591 


.9341 


1.1640 


.0659 


.7585 


.8800 


20 


.8610 


.7127 


50 


.6539 


.8155 


.8642 


.9366 


1.1571 


.0634 


.7566 


.8789 


10 


.8581 


.7156 


41° 00' 


.6561 


.8169 


.8693 


.9392 


1.1504 


.0608 


.7547 


.8778 


49° 00' 


.8552 


.7185 


10 


.6583 


.8184 


.8744 


.9417 


1.1436 


.0583 


.7528 


.8767 


50 


.8523 


.7214 


20 


.6604 


.8198 


.8796 


'YrrrO 


1.1369 


.0557 


.7509 


.8756 


40 


.8494 


.7243 


30 


.6626 


.8213 


.8847 


.9468 


1.1303 


.0532 


.7490 


.8745 


30 


.8465 


.7272 


40 


.6648 


.8227 


.8899 


.9494 


1.1237 


.0506 


.7470 


.8733 


20 


.8436 


.7301 


50 


.6670 


.8241 


.8952 


.9519 


1.1171 


.0481 


.7451 


.8722 


10 


.8407 


.7330 


42° 00' 


.6691 


.8255 


.9004 


.9544 


1.1106 


.0456 


.7431 


.8711 


48° 00' 


.8378 


.7359 


10 


.6713 


.8269 


.9057 


.9570 


1.1041 


.0430 


.7412 


.8699 


50 


.8348 


.7389 


20 


.6734 


.8283 


.9110 


.9595 


1.0977 


.0405 


.7392 


.8688 


40 


.8319 


.7418 


30 


.6756 


.8297 


.9163 


.9621 


1.0913 


.0379 


.7373 


.8676 


30 


.8290 


.7447 


40 


.6777 


.8311 


.9217 


.9646 


1.0850 


.0354 


.7353 


.8665 


20 


.8261 


.7476 


50 


.6799 


.8324 


.9271 


.9671 


1.0786 


.0329 


.7333 


.8653 


10 


.8232 


.7505 


43° 00' 


.6820 


.8338 


.9325 


.9697 


1.0724 


.0303 


.7314 


.8641 


47° 00' 


.8203 


.7534 


10 


.6841 


.8351 


.9380 


.9722 


1.0661 


.0278 


.7294 


.8629 


50 


.8174 


.7">63 


20 


.6862 


.8365 


.9435 


.9747 


1.0599 


.0253 


.7274 


.8618 


40 


.8145 


.7592 


30 


.6884 


.8378 


.9490 


.9772 


1.0538 


.0228 


.7254 


.8606 


30 


.8116 


.7021 


40 


.6905 


.8391 


.9545 


.9798 


1.0477 


.0202 


.7234 


.8594 


20 


.8087 


.7650 


50 


.6926 


.8405 


.9601 


.9823 


1.0416 


.0177 


.7214 


.8582 


10 


.8058 


.7679 


44° 00' 


.6947 


.8418 


.9657 


.9848 


1.0355 


.0152 


.7193 


.8569 


46° 00' 


.8029 


.7709 


10 


.6967 


.£431 


.9713 


.9874 


1.0295 


.0126 


.7173 


.8557 


50 


.7999 


.7738 


20 


.6988 


.8444 


.9770 


.9899 


1.0235 


.0101 


.7153 


.8545 


40 


.7970 


.7767 


30 


.7009 


.8457 


.9827 


.9924 


1.0176 


.0076 


.7133 


.8532 


30 


.7941 


.7796 


40 


.7030 


.8469 


.9884 


.9949 


1.0117 


.0051 


.7112 


.8520 


20 


.7912 


.7825 


50 


.7050 


.8482 


.9942 


.9975 


1.0058 


.0025 


.7092 


.8507 


10 


.7883 


.7854 


45° 00' 


.7071 


.8495 


1.0000 


.0000 


1.0000 


.0000 


.7071 


.8495 


45° 00' 


.7854 






Value 


Log 10 


Value 


Log 10 


Value 


Wio 


Value 


Logio 


DEGBEE8 


Radians 






Cosine 


Cotangent 


Tangent 


Sine 







D] 



Squares Square Boots Reciprocals 



11 





Di. SQUARES OF 


NUMBERS 


FROM 


1 TO 


99 




1 





1 


2 


8 


4 


5 


6 


7 


8 


9 


100 


121 


144 


169 


196 


225 


256 


289 


324 


361 


2 


400 


441 


484 


529 


576 


625 


676 


729 


784 


841 


3 


900 


961 


1024 


1089 


1156 


1225 


1296 


1369 


1444 


1521 


4 


1600 


1681 


17G1 


1849 


1936 


2025 


2116 


2209 


2304 


2401 


5 


250© 


2081 


2704 


2809 


2916 


9925 


3136 


3249 


3364 


3481 


6 


3600 


3721 


3844 


3969 


4096 


4225 


4356 


4489 


4624 


4761 


7 


4900 


5041 


5184 


5329 


5476 


5625 


5776 


5929 


6084 


6241 


8 


6400 


6561 


6724 


6889 


7056 


7225 


7396 


7569 


7744 


7921 


9 


8100 


8281 


8404 


8649 


8836 


9025 


9216 


9409 


9604 


9801 





D 2 . 


SQUARE ROOTS < 


OF NUMBERS FROM 1 


TO 9.9 





.0 


.1 


.2 


.3 


.4 


.5 


.6 


.7 


.8 


.9 


0.000 


0.316 


0.447 


0.548 


0.632 


0.707 


0.775 


0.837 


0.894 


0.949 


1 


1.000 


1.049 


1.095 


1.140 


1.183 


1.225 


1.265 


1.304 


1.342 


1.378 


2 


1.414 


1.449 


1.483 


1.517 


1.549 


1.581 


1.612 


1.643 


1.673 


1.703 


3 


1.732 


1.761 


1.789 


1.817 


1.844 


1.871 


1.897 


1.924 


1.949 


1.975 


4 


2.000 


2.025 


2.049 


2.074 


2.098 


2.121 


2.145 


2.168 


2.191 


2.214 


5 


2.236 


2.258 


2.280 


2.392 


2.324 


2.345 


2.366 


2.387 


2.498 


2.429 


6 


2.449 


2.470 


2.490 


2.510 


2.530 


2.550 


2.569 


2.588 


2.608 


2.627 


7 


2.646 


2.665 


2.683 


2.702 


2.720 


2.739 


2.757 


2.775 


2.793 


2.811 


8 


2.828 


2.846 


2.864 


2.881 


2.898 


2.915 


2.933 


2.950 


2.966 


2.983 


9 


3.000 


3.017 


3.033 


3.050 


3.066 


3.082 


3.098 


3.114 


3.130 


3.146 





D 3 . 


SQUARE ROOTS OF NUMBERS FROM 10 


TO 99 


1 





1 


2 


3 


4 


5 


6 


7 


8 9 


3.162 


3.317 


3.464 


3.606 


3.742 


3.873 


4.000 


4.123 


4.243 4.359 


2 


4.472 


4.583 


4.690 


4.796 


'4.899 


5.000 


5.099 


5.196 


5.292 5.385 


8 


5.477 


5.568 


5.657 


5.745 


5-831 


5.916 


6.000 


6.083 


6.164 6.245 


4 


6.325 


6.403 


6.481 


6.557 


6.633 


6.708 


6.782 


6.856 


6.928 7.000 


5 


7.071 


7.141 


7.211 


7.280 


7.348 


7.416 


7.483 


7.550 


7.616 7.681 


6 


7.746 


7.810 


7.874 


7.937 


8.000 


8.062 


8.124 


8.185 


-8.246 8.307 


7 


8.367 


8.426 


8.485 


8.544 


8.602 


8.660 


8.718 


8.775 


8.832 8.888 


8 


8.944 


9.000 


9.055 


9.110 


9.165 


9.220 


9.274 


9.327 


9.381 9.434 


9 


9.487 9.539 


9.592 


9.644 


9.695 


9.747 


9.798 


9.849 


9.899 9.950 





D 4 . 


RECIPROCALS OF NUMBERS FROM 1 TO 9.9 




1 


.0 


.1 


.2 


.3 


.4 


.5 


.6 


.7 


.8 


.9 


1.000 


0.909 


0.833 


0.769 


0.714 


0.667 


0.625 


0.588 


0.556 


0.526 


2 


0.500 


0.476 


0.455 


0.435 


0.417 


0.400 


0.385 


0.370 


0.357 


0.345 


3 


0.333 


0.323 


0.313 


0.303 


0.294 


0.286 


0.278 


0.270 


0.263 


0.256 


4 


0.250 


0.244 


0.238 


0.233 


0.227 


0.222 


0.217 


0.213 


0.208 


0.204 


5 


0.200 


0.198 


0.192 


0.189 


0.185 


0.182 


0.179 


0.175 


0.172 


0.169 


6 


0.167 


0.164 


0.161 


0.159 


0.156 


0.154 


0.152 


0.149 


0.147 


0.145 


7 


0.143 


0.141 


0.139 


0.137 


0.135 


0.133 


0.132 


0.130 


0.128 


0.127 


8 


0.125 


0.123 


0.122 


0.120 


0.119 


0.118 


0.116 


0.115 


0.114 


0.112 


9 


0.111 


0.110 


0.109 


0.108 


0.106 


0.105 


0.104 


0.103 


0.102 


0.101 



